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PREFACE 



Generally, we understand spline functions as 

(a) regular functions whose definition is based on a criterion of minimization in a 
Hilbert space, or 

(b) regular piecewise polynomial or rational functions. 

The general definition of splines of type (a) has been formulated by M. Atteia [22, 23], 
while splines of type (b) appear mostly in American literature. 

In dimension n = 1, splines have the properties (a) and (b) at the same time, but, 
when we want to generalize to the case n > 1, these two properties cannot be preserved 
simultaneously. 

If we choose to keep the polynomial character of splines, we are led to the introduction 
of B-splines (cf. L. L. Schumaker [129], C. de Boor and K. Hollig [34], W. Dahmen 
and C. A. Michelli [50]). Related with this topic, we also cite the development of box 
splines (cf. C. de Boor, K. Hollig and S. Riemenschneider [35]) and radial functions 
(cf., for example, N. Dyn [58, 59]). 

On the other hand, if a quadratic functional involving derivatives of order m is min- 
imized in a Hilbert space £, we obtain minimizing splines, in particular, the £)"*- 
splines. So, 

• when E = (a space close to the Sobolev space where s denotes a real 

number such that — m 4- n/2 < s < n/2, we get the Duchon {m,s)-splines, also 
called polyharmonic splines, which will be studied in Part A of this book (Chapters 
I-IV); in particular, the (m, 0)-splines are the D'^-splines over R” (or, for n = 2 
and m = 2, thin plate splines); 

• when E = L^{Q.) and f2 is a bounded domain of R", we derive the -splines 
over n, and we introduce the discrete -splines, which are approximants of finite 
element type of the aforesaid D^-splines over fl. Both are the subject of Part B 
(Chapters V-VII). 

In dimension n = 1, the £)”*-splines over f2 = {a,b) and the restrictions to fl of the 
^"‘-splines over R coincide and are just the classical polynomial splines. 

The B-splines (concurrently with Bezier surfaces) appear well adapted to problems of 
geometric design, while the D"* -splines constitute a tool of approximation (interpola- 
tion or smoothing). Their roles have a different nature, although they may sometimes 
interfere. 

Part C (Chapters VIII-XII) discusses several applications in Geophysics and Geology, 
arising in oil research, whose source was the French company Societe Nationale Elf- 
Aquitaine. In each case, the problem is to construct a regular surface (i.e. of class 




X 
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or (7^) by interpolating or smoothing a given data set, which can be formed by a 
finite number of scattered points, or distributed along curves or on an open set. The 
surface can eventually present discontinuities on a subset of its domain of definition 
(the fault problem in Geophysics). For every application, we propose a method of 
approximation based on the theory of discrete D^-splines. Likewise, we establish a 
convergence result, which validates the method from the theoretic point of view. We 
also show several numerical examples, where the data are derived from known surfaces. 
Due to their academic nature, these examples allow an easy comparison between the 
surface obtained by approximation and the exact surface (the use of terrain data, 
which is often covered by industrial secret, leads to results which engineers appreciate 
according to diverse criteria, notably empiric). We point out that, in all the problems 
considered here, the theory of D"‘-splines seems to provide a satisfying solution. 

An important part of the book is devoted to convergence matters. Indeed, with only 
one exception, we establish a convergence result for every approximation method 
presented in these pages. All these results, which share a similar scheme, prove 
that the corresponding approximants converge to a given function assuming that the 
parameters on which the approximants depend behave in some suitable way. Owing 
to their asymptotic nature, neither these results, nor the error estimates stated in 
Parts A and B, can yield realistic estimates of the approximation error. Hence, 
our theoretical results do not allow us to deduce numerical values of the parameters 
in order to compute the approximant. However, they show that this computation 
makes sense. As pointed out by P. G. Ciarlet about the analysis of convergence 
questions, “at least there is a ‘negative’ aspect that few people contest: presumably, 
a method should not be used in practice if it were impossible to mathematically prove 
its convergence...” (cf. [45, p. 106]). So, the parameters involved in the definition of 
the approximant must be fixed at best, according to the data of the problem. Only 
the smoothing parameter e, introduced in each smoothing method, can be chosen 
in terms of statistical considerations, for example, by means of the generalized cross 
validation method (cf. P. Craven and G. Wahba [49], C. Gu [76], G. Wahba [149]). 
We proceed in this way to deal with the numerical examples in Part C. We think that 
there is no contradiction between first using a deterministic method, which yields 
theoretical results, and then resorting to a statistical method, which permits us to 
get good estimates of the “optimal” value of e (in particular when data are noisy), 
provided the two following conditions are verified: on the one hand, the formulation 
of the discrete problem to be solved is justified by a convergence result, and, on the 
other hand, the discrete problem depends only on e. 

* * * 



We would like to dedicate this book to the memory of the French mathematicians 
Noel Gastinel (1925-1984) and Charles Goulaouic (1938-1983). The first author of 
this book is deeply grateful to them for helping him during a difficult time in his career. 
The second and third authors did not have the good fortune to meet them, but they 
know the importance of the contribution to the fields of Mathematics of Computation 
by N. Gastinel, and Functional Analysis and Partial Differential Equations by C. 
Goulaouic. 
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PRELIMINARIES 



For any a, b € R, with a < b, we write (o, 6) = { x € R 1 a < a; < b }, [o, b] = { x € 
R|a<x<b}, [a,b) = {x6Rla<x<b} and (a,b] = {x € R | a < x < b}. 
Similarly, we use the notations [a, +oo), (a, +oo), (— <xi, b] and (— oo, b). 

Let n be an integer > 1. For any x, y € R”, we denote by x • y the Euclidean scalar 
product of X and y, Likewise, we denote by I • I (resp. by 5( • , • )) the Euclidean norm 
(resp. the Euclidean distance) in R”. The closure, the interior and the boundary of 

O 

any subset B of R" will be denoted by B, B and dB, respectively. 

For any a = (ai, . . . ,a„) € N", we write laj = ai + ■ • • + a„, q! = ai! • • - an!, and 
9“ = X = (xi, . . . ,x„) e R", we also write x“ = x“* ■ • 'X"". 

We denote by 2? = 2)(R”), V = 25' (R"), 5 = 5(R") and S' = 5'(R") (resp., for any 
nonempty open set in R", by I>{n) and 25'(fl)) the classical spaces of functions or 
distributions over R" (resp. over fl) (cf. L. Schwartz [131], F. Treves [144]). Every 
time that this has a meaning, we denote by T.ip the value of the distribution T at the 
test function (p, and hy S * T, the convolution product of the distributions S and T. 
We denote by Tv or v the Fourier transform of the element v € 5', defined on S by 

= / exp(— 2i7TX • ^)u(x) dx. 

Jm 

Let 0 be a nonempty open set in R". For any 1 € N, we denote by iF*($7) the Sobolev 
space of integer order I, endowed with the norm 

V 1/2 

|9“u(x)pdx| , 




where the integral, like any other in this book, is taken in the Lebesgue sense. We 
shall also use the scalar semi-products 



Vj — 0, . , . , 1, {u, — 




9“u(x)9“u(x) dx, 



and the associated semi-norms 

Vj = 0, . . . , |v|j.n = ((v, • 



If r g (0, -Foo) \ N, we write r = I + 6, with I g N and 6 g (0, 1), and we denote by 
H''(n) the Sobolev space of noninteger order r, endowed with the norm 



1/2 



Vj=0 j 
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where 







\d‘^v{x) - d°‘v{y)\^ 



|a; — y|"+2® 




1/2 



For any r € R, the space iF'’(R") can also be defined by the Fourier transform: 
is the space of distributions v & S' whose Fourier transform i) is a locally 
integrable function such that the function ^ i— * (1 + belongs to 

For any nonempty open set in R", the space could then be defined from 

H''(R") by restriction to f2. We clarify that, for any compact set C R" whose 

O 

interior K is nonempty and for any r > 0, for the sake of simplicity we shall write 
instead of and | • \j n and | • Ir./Ci instead of | • | ^ and I ' I For 

the study of Sobolev spaces, we refer the reader to R. A. Adams [1], H. Brezis [40], 
C. Goulaouic [71], J. L. Lions and E. Magenes [94], and J. Necas [109]. The main 
results appear in P. Grisvard [75]. 

Let fi be a nonempty open subset of R". We denote by the space of locally 

integrable functions over For any r € R, we denote by the space of the 

distributions v over f2 such that, for any ip € 27(0), ipv € For any € N, we 

write C^(0) for the Frechet space of functions of class over 0. When 0 is bounded, 

we denote (cf. R. A. Adams [1]) by (7^(0) (resp. by C't'’^{0), with 0 < A < 1) the 
Banach space of functions of class (resp. C^>^) over O, endowed with the usual 
norm 



ll^’l 



cp(n) = sup|a“ii(a:)| 



resp. = ll^ll 



+ „„ sup 

x=^y 



)■ 



By an open set in R" with a Lipschitz-continuous boundary we shall understand 
a bounded, connected, nonempty, open subset of R" with a Lipschitz-continuous 
boundary in the J. Necas [109] sense. When the open setO has a Lipschitz-continuous 
boundary, the space verifies the following properties (cf. P. Grisvard [75]), 

C 

where and C denote, respectively, the continuous and the compact injection: 

Vr > 0, V/i € N, r > n/2 + fi, 3A 6 (0, 1], H''(Q) ^ (1) 

(Sobolev’s Holder Imbedding Theorem); 

\/r,r' e R, r > r', C H’~' (Cl) (2) 

Vr > 0, V/i e N, r > n/2 -b n, //'’(H) C G''(n) (3) 

(Rellich-Kondrasov Compact Imbedding Theorems); 

Vr > 0, V/i 6 N, r > n/2 + /i, /f’’(12) •-+ C^{Cl) 



(4) 
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(Sobolev’s Continuous Imbedding Theorem, which results from (1) or (3)); 

for any r > 0, there exists a linear continuous operator P from 

into such that, for any v 6 - v (5) 

(Existence Theorem of an Extension Operator). 

The Local Sequential Weak Compactness Theorem (cf., for example, K. Yosida [151, 
p. 126]) holds for reflexive Banach spaces: if Y is a reflexive Banach space and 
(2:n)n6N is any bounded sequence in Y, then there exists a subsequence (Xnp )peN 
extracted from (a;„) and an element x* € X such that, as p — * +oo, 

Xup -* X*, weakly in X. 

In the sequel, we shall use the following derived result many times. 

Corollary 1 - Let X be a reflexive Banach space, E, a subset of a metric space 
which admits at least one accumulation point, and any bounded family in 

X. Then, for any accumulation point of E, there exists a sequence (xi,)igN X, 
extracted from {xi)i^Et and an element x* € X such that, as I — * +oo, 

Xii — > x * , weakly in X. 

Proof - Lete be an accumulation point of E. Hence, there exists a sequence (zi)(gN 
in E such that i; — > e in the metric space in which E is contained. Then, it suffices 
to apply the theorem to the sequence (xj, )ieM. □ 

Corollary 1 will be used in the following situation: the reflexive Banach space Y is a 
Hilbert space, the metric space is the space RP, with 1 < p < 4, and the accumulation 
point e to be considered is a point, as the case may be, such asO, (0,e), (0,0), (0,£, 0), 
(0, 0,e,0), (0,0, 0,0), where e denotes some positive number. 

For any / € N, we denote by Pi = Pi(R") the space of polynomial functions defined 
over R” of degree < I with respect to the set of variables and, for any / € N and for 
any nonempty connected open subset fl in R", by Pi{U), the space of restrictions to 
H of the functions in Pi. 

We shall denote by IDl the dimension of Pm-U where m is given by the condition 
—TO + n/2 < s < n/2 (with s € R) in Chapters I-IV and by the condition to > n/2 
in Chapters V-VII. Likewise, in Chapters II and III, the dimension of the space Pk, 
with k defined by the relation (II-6.1), will be denoted by 

For any ( € N, we shall say (cf. P. G. Ciarlet [45]) that a set A = {ai,. . . ,ajv} of N 
points of R" is Pi-unisolvent if 

V{q;i, . . . , qat} c R, 31 6 Pi, Vi = 1, . . . , IV, i}{ai) = q,. 

In this case, we shall also say that the Y-tuple a = {ai, . . . jUn) € (R")^ is Pj- 
unisolvent. It is clear that a necessary condition for the set A (or for the Y-tuple a) 
to be Pi-unisolvent is that dim Pi = N. 

Finally, with the same letter C we shall denote various strictly positive constants. 




PART A 



(m, s) -SPLINES 




INTRODUCTION 



The theory of (m, s)-splines was introduced and developed by J. Duchon [53, 54, 55, 
56, 57]. The study is situated in the framework of certain functional spaces of the 
“Sobolev type”, the spaces These spaces are semi-Hilbert spaces, i.e. vector 

spaces endowed with a scalar semi-product and the associated semi-norm, and which 
are complete for this semi-norm. 

The method elaborated by J. Duchon follows M. Atteia’s [22, 23] ideas about abstract 
spline functions: it appeals to the notion of reproducing kernel of a semi-Hilbert 
space (cf. N. Aronszajn [21], L. Schwartz [130]). This method provides an explicit 
characterization of the (m, s)-splines from the knowledge of a reproducing kernel of 
the space X'^'^ . A part of the results can be deduced directly from P.-J. Laurent [88, 
Chapter 4]. 

The point of view adopted in our work is different: we do not use reproducing kernels, 
but we treat the spaces X'^'^ as Hilbert spaces, by equipping them with suitable 
norms. This method allows us to obtain all the results in a relatively simple way and, 
on the other hand, it appears well adapted to establish error estimates. 

Chapter I is devoted to the study of properties of the spaces In particular, we 

define (following J. Necas [109]) a norm which makes X’"'® a Hilbert space. We point 
out that the spaces introduced in this part are spaces of complex valued functions, 
due to the use of the Fourier transform. 

Chapter II discusses interpolating splines, essentially for the model problem of La- 
grange interpolation. By endowing X'"’® with a norm associated with the interpola- 
tion conditions, we establish with no difficulty the existence, the uniqueness and two 
characterizations of the interpolating (m, s)-splines. To get them explicitly, we make 
use of the Fourier transform of functions of the Euclidean distance: the corresponding 
result is obtained by solving a problem of division in <S'. We then give some exam- 
ples: thin plate splines, pseudo-polynomial splines, and splines defined by local mean 
values. We obtain the linear system which determines the interpolating spline and we 
verify that the matrix of the system is regular. Using a convenient norm for the space 
X™’®, we show the convergence of the interpolating (m, s)-splines. Finally, by means 
of several technical results, we can establish estimates of the interpolation error for a 
function belonging to the Sobolev space if (H) in terms of the Hausdorff distance 
d between fl and the set of data points. 

Chapter III reconsiders for smoothing splines the questions which are treated in Chap- 
ter II for the interpolating splines: existence, uniqueness, characterization and com- 
putation. Likewise, we prove the convergence of the smoothing splines to an in- 
terpolating spline when the smoothing parameter e tends to 0. We then prove the 
convergence of the smoothing splines and we establish error estimates. Finally, we 
study the problem of convergence for noisy data. 

Chapter IV gives a resume of the (m, 1, a)-splines, which are a generalization of the 
(m, s)-splines. 




Chapter / 



THE SPACES X""’® 

1. DEFINITIONT 

Let n 6 N*. For any real number s, we write (cf. J. Peetre [116]) 

H‘ = {vQ S' \ve LL(R'*), < +00 }. 

We have the following result. 

Proposition 1.1 - Suppose that s < n/2. 77zen, the space , endowed with 
the norm 

is a Hilbert space, contained in S' with continuous injection. 

Proof - (J. Duchon). For any f € L^(R"), the function ^ i-> |^|“*/(4) is locally 
integrable over R”, given that, for any compact /C C R", 

Jj^r\fmd^< 

and that ^ i-+ |^|’^ is locally integrable for A > — n. Thus, this function defines a 
distribution, in fact, a tempered distribution, since 

v<^€5, 1/ 

MR" \./R" / \./R" / 

and 

(cp -* 0 in 5) ==> -► 0^ 

As is an automorphism of S', we deduce that the mapping / i— ► is ^ 

isometry from L^(R") on so is a Flilbert space. On the other hand, if fj — » 0 
in L^{W^), 

v^e5, / |4r/i(^V(Ode-o. 

dR" 



Flence, |^| ^fj — * Oin S'. It has thus been proved that if* «— > S'. 



□ 
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For any m € N* and for any s 6 R, we shall write 

X™’" = { V e P' I Va e N", |q| = m, d°‘v G }, 



\fu,v 



€X--^ {u,v)m,s= E ^ 



{a|=m 



and 



VtIGX"*-^ Hm., = 



If ti G X™’® and v G X"*’® are real valued, then the scalar semi-product (u, v)m,s is 
also real and we have |tt -f- ,, = |w|^ ^ -H 

Proposition 1.2 - Suppose that s < n/2. Then, the space endowed with 
the semi-norm \ • |m,s, is a semi-Hilbert space (i.e. complete for this semi-norm), 
contained in S' . 



Proof - (J. Duchon). Let (uj)j^f^ be a Cauchy sequence in (X"“’“,| • |m,s)- For any 
a G N", with |a| = m, (d°‘Uj) is a Cauchy sequence in H^. Then, {d°‘Uj) converges 
to Va in i/* and in S'. But, due to the continuity of the derivation in S', 

Vq,/3 G N", |q| = \0\ = m, d^Va = d°‘v0. 

In consequence (cf. L. Schwartz [131]), there exists u &V such that 



Vq G N", |a| = m, «„ = d°‘u. 



So there exists u G X"*'® such that limj_,oo|w — Wj|m,s = 0 (u is not unique, since 
Uj u-\- Pm-i). This implies that (X"*'®, | • \m,s) is complete. 

All that remains is to show that X"*'® C S'. Now, the distributions belonging to 
X»n.3 are tempered, due to the fact that every distribution T whose first derivatives 
are tempered is also tempered. In fact (cf. L. Schwartz [131]), it is necessary and 
sufficient that the regularizations t {(p* T)(t), with ip € V, are slowly increasing 
(i.e. they are bounded by polynomials when |f| — » -foo), By the Mean Value Theorem 
{p*T is of class C°°), we get 



VfGR", |(v5*T)(f)|<|(<^*r)(0)|-b|t| sup lE 

S€(0,11 



d{p * T) 
dxj 



m 



1/2 



d(p * T) dT 

But, for j = , n, — = (/? * is a slowly increasing function. Hence, 



dxj 



dxi 



3C > 0, 3A: G N, Vf G R", \{p * T){t)\ < \{p * T)(0)| + C(1 + |t|2)'‘+\ 



and the Proposition follows. 



□ 



The spaces X”*’® are Beppo Levi spaces (cf. J. Deny and J. L. Lions [51] and, for 
s = 0, J. Necas [109]). Since = L^(R"), the space X”*'°, also denoted by V' 2 ^”‘^(R") 
or D“”*L^(R"), is just the space { w G D' | Va G N", |a| = m, d°‘v G L^(R”) }. 




I - The spaces X"*'“ 
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2 . IMBEDDINGS AND NORMS 

Proposition 2.\ — Suppose that —m — n/2 < s. Then S C X'^'" . 

Proof - Let w € 5. It suffices to verify that 

Va € N”, |«| =m, [ < +oo. 

7R" 

But this is a simple consequence of the following inequality: 

taking into account that the right-hand member is integrable, since 2m + 2s > 
and ii e S. 



For any nonempty open set f2 in R”, for any m € N* and for any s g R, we write 
X^-“(resp. Hi,, resp. Hi,) for the space of restrictions to of the distributions 
belonging to X"'’" (resp. to H^, resp. to Ff“(R")). 

Theorem 2.1 - Suppose that — m — n/2 < s. Then, for any nonempty bounded 
open set in R”, we have X^'^ = H^+\ 

Proof - (J. Duchon). 

1) Let us prove that 

Hi, C Hi,. (2.1) 

Firstly, suppose that s > 0. Let us remark that, for any s > 0, there exists a ball 
S € R” such that 

SR”\B, (1 + 1^P)‘ <2iepL 

Let u € Ff*. The function u can be written as u = Vi + v^, with 



vi 



0, on B, 
u, on R" \ B. 



The function vi verifies 

Ja." JR’'\B 

<2 [ l$|2»|*(0|=*dC<+oo. 

Hence, G B*(R”). As the distribution V 2 has a compact support, !F~^V 2 is a 

function of class C°° (cf. L. Schwartz [131]) and then, as s > 0, !F~^V 2 € iTi(,p(R"). 
Thus, u can be written as the sum of an element of B*(R") and an element of 
^{R"). We deduce that c if s > 0. 



□ s 
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When s < 0, we have C since, for any ^ e R", (1 + 

Therefore, (2.1) holds. 

2) Let u € By definition, u is the restriction to fi of an element u € //"*+* (R") 

that we can always suppose to have a compact support. Then !Fu is a function of 
class C°°. On the other hand, for 2m + 2s > — n, the function^ |^| 2 m+ 2 a i^jocally 
integrable and there exists a ball 5 C R” such that 

VC e R" \ B, |C|2"‘+2'< < 2(1 + 

So, we deduce that, for any a 6 N", with |a| = m, 

f < ( 27 t ) 2 ™ / 

Ju^ Jb 

+ 2 ( 271 ) 2 "* /" ^ ^ 

./R" 

and, in consequence, u € Hence, C Xq'^. 

Conversely, let u e ”*’■* and let Q' be a bounded ^pen set in R" which contains Jl. 
For any a € N", with |a| = m, 5“u|n' belongs to Hq, and then, by (2.1), it belongs 
to Hq,. Therefore, for any a G N", with jal = m + 1, 9“u|n' belongs to . Let 
us write 

P = A', 

where A is the Laplacian operator, and / G N* is such that m = 2/ if m is even and 
m = 21 — 1 if m is odd. We have 



(PM)ln' e 



Si'> 



ti' 



m = 21, 

m = 2l - 1. 



Now, P is an elliptic operator of order 21 with constant coefficients. It follows from 
Friedrichs’ Theorem (cf. J. L. Lions and E. Magenes [94, Theorem 3.2, p. 138]) that, 
in both cases, u|fj/ G We conclude that «|q S 

Therefore, X^'^ C and the Theorem follows. □ 



Hereafter, we assume that m G N* and s G R satisfy the hypothesis 

-m+^<s<^, (2.2) 

(which obviously implies the condition 

The following result will allow us to handle the spaces X"*’* as Hilbert spaces. 

Theorem 2.2 - Suppose that (2.2) holds. Let fi* be a bounded, connected, 
nonempty, open subset of R". Then, the space endowed with the norm 

is a Hilbert space, whose topology is independent of fl* . 
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Proof — 

1) By Theorem 2.1 and (2.2), X^,'" is contained in so the mapping || • 

is well defined. It is clear that || • |||^ ^ is a norm on X"*’". We shall prove that X”*’* 
is complete for this norm. 

Let (uj)jeN be a Cauchy sequence in (X"*’*, || • ,). From the definition of the norm 

it follows that there exists u g X*"’* such that limj_,+oo|ttj — w|m,s = 0 (since X”*’" is 
complete for the semi-norm | • |m,s)- As H" is contained in S' (cf. Proposition 1.1), 
we have 

Va € N", |q| = m, in V'iCl*). 

We also deduce that there exists u* 6 such that 

Va 6 N", |a| = m, 9 “(k*) in D'(n*). 

Hence, there exists ■>/) G Pm-i such that u* = (u + V')|n* and, in consequence, 
limj_,+oo Uj = u + Ip- Thus, the sequence (ttj)jeN is convergent and, therefore, the 
space (X”‘’®,|| • llm’g) is complete. 

2) Let 0* and fl** be two bounded, connected, nonempty, open subsets of M", and 

II ■ ||m,a nnd II • ||5^ g be the corresponding norms. There exists a bounded, 
connected, open set fl which contains fl’' and H**, As fl* C fl, the canonical injection 
from(X™'M| • ||«,g) to (X-^'MI • H^'.g) is continuous and then, by the Banach 
Isomorphism Theorem (cf. H. Brezis [40, Corollary II. 6]), it is bicontinuous. Thus, 
the norms || • ||^^^ and || • ||5^ ^ are equivalent. Likewise, the norms || • ||J^ ^ and 
II ' Urns equivalent. Therefore, the topology in X"*’* is independent of f2*. □ 

From now on, if nothing else is specified, we shall assume that X'”’® is endowed with 
a norm || • ||^”g, which we shall simply write as || • ||m,«) without making any reference 
to a particular open set O* (since the norm chosen over X"*’“ does not play a role by 
itself in the theory of (m, s)-splines, it can be replaced by an equivalent norm). 

Corollary 2,1 - Suppose that (2.2) holds. Let 12 be an open subset o/K" with a 
Lipschitz-continuous boundary (cf. Preliminaries). Then, the operator Ryi of restric- 
tion to 12 is linear and continuous from X"*’* onto (12) . 

Proof - Taking into account that = lf"*T®(12) when 12 has a Lipschitz-conti- 

nuous boundary, it follows from Theorem 2.1 that JlnX"*’® = JT"*‘*‘®(12). 

Let (uj)jgN be a sequence in X™’® such that 

3u e X'"-®, Uj -> « in X'"’®, (2.3) 

3u € H™+®(12), Uj\n -* u in H™+®(!2). (2.4) 

By (2.3) and Theorem 2.2, we have 

Uj\n -> tt|n in L^(12). 

On the other hand, from (2.4) and (2.2), we deduce that 

ttjin — * V in L^(12). 
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Then, the Closed Graph Theorem (cf. H. Brezis [40, Theorem II.7]) proves that Rq 
is continuous. □ 

Remark 2.1 - If the hypothesis (2.2) is replaced by the condition —m < s < f , 
Theorem 2.2 and Corollary 2.1 remain true. □ 

Corollary 2.2 - Suppose that (2.2) holds. Then, is contained in C°(K") 
with continuous injection. 



Proof - For any R > 0, let be the open ball of centre 0 and radius 7? in R”. 
Taking into account that, as m + s > is continuously imbedded into 

(cf. (4) in Preliminaries), it follows from Corollary 2.1 that every function 
V € X”^’‘ is continuous over K”. On the other hand, for any compact of K”, there 
exists R = R{K) > 0 such that 3 K. Then, there exists C{K) > 0 such that 

sup|u(a:)| < C(iT)||u|| 

m+a,S1/i ■ 

xeK 

Therefore, we deduce that is contained in C°(K") with continuous injection. □ 

We finish this section with two important results for the study of spline functions. 
Let us denote by 971 the dimension of Pm-u with m given by (2.2). 

Proposition 2.2 - Suppose that (2.2) holds. Let E be a finite subset of R” and 
be the mapping defined by 



Vu € 







(2.5) 



Then, if E contains a Pm-i-unisolvent subset, | • |E,m,s iti a Hilbertian norm on 
X"®’® equivalent to the norm |1 • ||m,s. Conversely, ifl ■ Ic.m.s is a norm on X™'®, 
the set E contains a Pm-i-unisolvent subset and | ■ Is.m.s is equivalent to || • ||m,s- 



Proof - Let N - cardS. 

1) Suppose that E contains a Pm-i-unisolvent subset. 

a) It is clear that | • jE.m.s is a norm on X”*’® associated with a scalar product. On 
the other hand, it is easily seen, taking Corollary 2.2 into account, that it is sufficient 
to prove the result when £ is a Pm-i-unisolvent set. This is what we shall suppose 
in the following points b) and c). 

b) From Corollary 2.2, it follows that there exists a constant C{E) such that 

Vu € X"^’®, Va e E, |t;(a)| < G(£)||ulU,a, 



and hence 



Vu € X"*'® 



N£,m,a< (l + 97t(C(£))2)'/"||u|U, 
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c) Let (Wj)jeN be a Cauchy sequence in (X"*’®, | • |E,m,s)- Then 

BtieX"*’®, lim ju,- - u|m,s = 0, 

j-*+oo 



and 



Va € E, 3r)a € C, lim uAa) = 7/0 • 

i-*+oo 

As E is F,„_i-unisolvent, there exists ^ € Pm-i such that 

Va e E, (£H- t/))(a) = t?a- 

In consequence, limj_,+oo Wj = u + ip. Thus, the sequence (uj)jgN is convergent and, 
therefore, the space | • |E,m,s) is complete. 

d) The equivalence of norms is then a consequence of points b) and c) and Banach’s 
Isomorphism Theorem (cf. H. Brezis [ 40 , Corollary II. 6]). 

2) Suppose that | • iB.m.s is a norm on X”'’*. Let tp be any element of Pm-i such 
that 

Va e E, ip{a) = 0. 

We have iV'lE.m,* = 0, and hence ■0 = 0. This proves that the linear mapping 
$ ; 0 e Pm-i ^ {^(®))ogE ^ ™ injection. Then, N >1JJl and rank$ = 9Jl. 

We deduce that E contains a P^-i-unisolvent subset. The equivalence of norms 
results from point 1). □ 

Proposition 2.3 - Suppose that (2.2) holds. Let f2 be an open subset of R” with 
a Lipschitz-continuous boundary (cf. Preliminaries) and let Bq = {601, . . . ,6o0Jl} be a 
Pm-i-unisolvent subset of Q. For any r > 0 ,we denote by Br the family of all subsets 
B = {bi, ... ,b^} of fl which satisfy the following condition 

= \bj-boj\<r. (2.6) 

Then, there exists ro > 0 such that the family Bro ^ formed by Pm-i-unisolvent 
subsets and the mapping | • defined for any subset B = {bi, . , . ,bgji} of ft by 

( m y 

Vu G X-’», I ' 

is, for every B € Br^, a norm on X"*’*, uniformly equivalent over Bro norm 

II ' llm,s- 



Proof — 

1) From Corollary 2.2, it follows that 

3C > 0, Vr > 0, VS € Br, Vv € X"*'*, < C||u|U,,. 
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2) For any v € X'^'^ and for any B & obviously have 

^ m OT on 

j=i j=i j=i 

From Sobolev’s Holder Imbedding Theorem for the space (cf. (1) in Pre- 

liminaries), (2.6) and Corollary 2.1, we deduce that 

!OT 

V7 > 0, 3r > 0, V5 € S., Vu € X™-*, - v{bj)\^ < 

j=i 

Hence, 



V 7 > 0, 3r > 0, VS e Br, Vv 6 
wi 

5 + Mm,s - 7^ikllm,s < Ml.m,.,- 

^ J=1 

( V 1/2 

5 £j=ib(^ 0 i)P + is a norm 

on X”*’* which is equivalent to the norm || • ||m,a- We deduce that there exists C' > 0 
such that 

V 7 > 0, 3r = r( 7 ) > 0, V5 € Br, Vu € {C^ - 7 ^)||u||^,, < 

We choose any 70 € (0,C") and then we set tq = r( 7 o)> It follows that, for any 
B € Bro, ([ • Ifl.m.s is a norm on and that [ • Js.m.s is uniformly equivalent over 
Bro to the norm II • Iks. 

3) Let B € Bro- Po*" ^ Pm-i such that 

Va G B, ip{a) — 0, 



we have IV’jB.m.s = 0, and hence ip = 0. We conclude that any B G Bro is Pm-\- 
unisolvent. □ 
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INTERPOLATING {m, s)-SPLINES 



We restrict ourselves to the study of the model problem of Lagrange interpolation. 
The case of Hermite interpolation can be treated in the same way. The most general 
case where the interpolation data are the values of distributions with compact support 
is studied in Section 3 (with the example of the local mean value conditions). 

Throughout this chapter, except in Section 3, we shall suppose, without mentioning 
it, that m, n and s are, respectively, two positive integers and a real number which 
satisfy (1-2.2). Hence, s < n/2 < m + s. Let us observe, in particular, that m + s > 0. 



L DEFINITION AND FIRST PROPERTIES 

Suppose we are given an ordered set A of distinct points of R" which contains a 
Pm-i-unisolvent subset. The set A constitutes the set of points of Lagrange inter- 
polation in the space X”^’” (it is known, from Corollary 1-2.2, that the respective 
interpolation conditions make sense). 

We denote by p g the operator defined by 

pv = 

whose continuity is a consequence of Corollary 1-2.2. 

Let p € C^. We consider the affine linear variety 

K = {veX’^'^\pv = P} 
and also the associated vector subspace 

Kio = { € X™'* I pu = 0 }. 

Then we call interpolating (m, s)-spline relative to A and P any solution, if any exists, 
of the problem: find a solution of 

( 1 . 1 ) 

[Vu 6 /C, \(T\m,s < |ulm,s. 

Theorem 1.1 - Problem (1.1) has a unique solution a. 

Proof- By a corollary ofUrysohn’s Theorem (cf. L. Hormander [80, Theorem 1.2.2, 
p. 4]), one can find real functions (pa € D such that 



Va,6gA, <p„(6) = r’ ^ 

10, b ^ a. 
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Hence, for any /3 = {Pa)a&A € the function belongs to K.. It is then 

clear that /C is a nonempty, closed, convex subset of X"*’®, 

Now, using (1-2.5) with £ = A, we derive from Proposition 1-2.2 that (1.1) is equiv- 
alent to 

UeK., 

[Vu 6 /C, 

We deduce that (1.1) admits a unique solution, namely the element of minimal norm 

I ' lA,m,s itt n 



When (3 € cr is real valued. To see this, let us observe that, if a = ai +ia 2 , then 
fTi e /C and |(Ti|^_, < + |(T2lm,s = klm,.v Hcnce cr CTi and = 0. 

Proposition 1.1 - The solution a of problem (1.1) is characterized by 



a € IC, 

Vw € Xo, (cr,w)m,s = 0. 



( 1 . 2 ) 



Proof - The element a is the projection (for the distance associated with the norm 
I • of the origin over the complete, convex and nonempty subset JC of the 

pre-Hilbert space Then, a is characterized by 

Vv e JC, SRIO -a,v- ajA,m,s < 0, 

where the symbol 5} denotes the real part and | ■ jA.m.s is the scalar product 

associated with the norm |[ • The Proposition is then a simple consequence. □ 

Proposition 1.2 - There exists one and only one pair (rr, A) € X"*’® x C^, with 
A = (Aa)aeA) such that 

fo-eX, 

S Vu e [a, ^ 

1. agA 

where cr is just the solution of problem (1.1). 

Proof - If (cr, A) is a solution of (1.3), then cr ^ 1C and, for any w 6 Xo, (cr, w)ra,a = 0. 
Hence, a is the solution of (1.1) and a is unique. Now, if (o', A') and (cr, A") are two 
solutions of (1.3), with A' = (A (,)asA and A" = (AJOag/i, we deduce that, for any 
V e X™’^, X)agA(-^a “ '^a)^(®) = which implies that A' = A". Therefore, there 
exists, at most, one solution of (1.3). 

On the other hand, for any v € X'"’*, the function w = v — v{a)<Pa, where pa 

are the functions introduced in the proof of Theorem 1.1, belongs to Xq. Then, (1.3) 
results from (1.2) if we take, for any a e A, Aa = {cr, ipa)m,s (we note that, if cr is real 
valued, then any Aa is real). Hence, (cr, A), with A = (Xa)aeAi is a solution of (1.3). 
This completes the proof. □ 

The vector — 2A, where A = (Aa)aeA is the vector introduced in (1.3), is just the 
Lagrange multiplier of problem (1.1). 




II - Interpolating (m, a)-SPLiNES 



15 



2. THE SPACE OE (m,s)-SPLINE FUNCTIONS. 

Examples 



We write 

5= {w6 Vttie/Co, =0}. (2.1) 

Proposition 2.1 - The set S is a subspace of dimension N of Moreover, 

the restriction p± ofp to S is an isomorphism from S onto and, for any € C^, 
pJ^{/3) is just the interpolating {m, s)-spline relative to A and p. 

Proof - The set S is evidently a subspace (the orthogonal complement of /Cq in 
(^m,s^| . j)). By Proposition 1.1, we have 

V/3 g C^, 3I(T €S, pa = p. 

Thus, we deduce that px is a (linear) bijection from S to and hence dim S = N. 
The Proposition then follows. □ 



For any P € C^, the subspace S contains the interpolating (m,s)-spline relative to 
A and p. We shall show in Section III-l that, for any p € and for any e > 0, S 
also contains the smoothing {m, s)-spline relative to A, P ande. We say that S is the 
space of the {m, s)-spline functions relative to A. 

For any A > 0, we introduce the function Kx, defined by 



Va: g R”, Kx{x) = 



|x|^, A i 2N*, 

|a:|^log|xl, A g 2N*, 



( 2 . 2 ) 



where log denotes the Neperian logarithm. 

Proposition 2.2 - Let u = m+s — n/2. The function K 2 v satisfies the fallowing 
properties: 




(where pt.q replaces p(q), the value of the distribution p atq), the convolution 
product p * K 2 v belongs to 




16 



Multidimensional Minimizing Splines 



Proof- (J. Duchon). 

1) The relation (i) is a classical result concerning the Fourier transforms of functions 
of the Euclidean distance. See L. Schwartz [131, p. 257]. 

2) Let /X g (K”) with compact support and let a g N" such that |a| = m. We 

have 

* K2,))(o = (2t7rO“A(0^2.(0. 

Now, it is clear that A has all its derivatives of order < to - 1 null at the origin. To 
prove this, let us observe that, for any distribution U with compact support, {/ is a 
function of class (7°°, since 

g R", U{i) = 

and the successive derivatives of U are obtained by derivation “under the integration 
sign”. Thus, for the distribution n, it follows from (2.3) that 

V/3 g N", |/9| < TO - 1, d^p.{0) = = 0, 

as stated above. Using Leibniz’s formula, we derive from this result that the function 
^ h- > ^"A(0 has all its derivatives of order < 2 to — 1 null at the origin. 

Now, taking into account that (cf. L. Schwartz [131]) 

VjgN, 

A being the Laplace operator, we obtain, according to (i), 

|^Pf|4|-2"*-2» + 6A'^<5, i^gN*, 
where 6 is a non-null constant. 

Let us consider the product distribution g of the distribution pf|^|-2m-2« 
function ^ (which belongs to C°°(K")), We have 

g V, g.ip = pf / i4r'"‘-'”rA(0¥>(0 rfe. ( 2 . 4 ) 

Since A has all its derivatives of order < to — 1 null at the origin, then, in a neigh- 
bourhood of the origin, 

3C > 0, |A(OI < C\^r, 

from which we have 

3c > 0, i^i-'"‘-2*irA(oi < 

As s < n/2, the integral given in (2.4) is convergent. Hence, the distribution g is, in 
fact, a locally integrable function, and there exists a constant C such that 
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in a neighbourhood of the origin and 

outside such a neighbourhood (since m+s > 0 and hence + 

if 1^1 is large enough). Taking into account that /i € we deduce that 

€ H*. 

Finally, let us consider the product distribution h of the distribution A‘'6, with i/ € N*, 
and the function ^ ^“A( 0 - We have 

vy>€p, h.ip=A‘'{i^cmMO){o) 

Now, all the derivatives of order 2v of the function ^ i— > *^he 

origin, since, by ( 1 - 2 . 2 ), 2u < 2m — 1 and the derivatives of order < 2m — 1 of the 
function ^ i— ► ^“A(0 have null values at the origin. Thus h = 0. 

The Proposition then follows. □ 



Remark 2.1 - The constants C\, C 2 and C 3 , introduced in the preceding result, can 
be explicitly computed from L. Schwartz [131, p. 257]. In particular, one has 



Cl 



^ 2 m+ 2 .-n /2 Y(n/2 - m - s) 

r(m + s) 



and 



C 2 



= 2 



^^^\'yn-^a+\—n/2 ^2m+2a—n/2 

r(m + a) (m + s - n/2)! 



Notice that, in the expression of Ci, r(n/2 — m — s) denotes the value at the point 
n/2 — m — s of the extension to (— oo,0) \ Z of the elementary Eulerian function 
r. The constant C 3 will not appear again. The exact values of C\ and C 2 are of 
purely theoretical importance, because they are neither needed for the computation 
of interpolating splines nor, in practice, for that of smoothing (m, s)-splines (see 
Section III-2). □ 

Theorem 2.1 - Every element u € S can be written in a unique way in the form 



“(a:) = ■^a^ 2 m+ 2 «-n(a: - tt) + p{x), (2.5) 

aeA 

where K2m+2a-n is the function defined in (2.2), p€ Pm-1 tind 

'£Kq{a)=Q. ( 2 , 6 ) 

aeA 



Proof — 

1) Reasoning as in the proof of Proposition 1.2, it follows from the definition of S 
that an element u of belongs to S if and only if there exist unique constants 
Aa = Ao(ti), with a € A, which verify the relation 

ogA 



(2.7) 
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Let /I = 5DagA where A„ are the constants introduced in (2.7). Then, the 
distribution /.i belongs to since <5 € for any 0 > 0, and ^ also 

satisfies the condition (2.3), since, taking v = q in (2.7), with g 6 Pm-i, we get 

Vg e Pm-u ^Kg{a) =0, 

o€A 



Let u & S. By Proposition 1-2.1, the relation (2.7) is necessarily verified for any 
V & S. Let us note that the product of the function ^ e-* with |al = m, and 
the locally integrable function ^ i— > associated with the product distribution 

of the distribution u and the function ^ e- > is just the locally integrable function 

^ (-1 associated with the product distribution of the distribution u and the 

function^ h-e On the other hand, 




\a\—m 



Using the definition of the scalar semi-product ( • , • )m,si we obtain the relation 

€ 5, {u,v)m,s = (2tr)2- / \e'i\^f”^u{0)W)d^, 

where ^ i— » represents the product of the function ^ e-* and 

the locally integrable function ^ ea |^|^’^«(^)- The function ^ e-» is 

locally integrable, since it is a linear combination of functions ^ e-» 
with \a\ = m, each one of which is written as a product of the function ^ e-» (a 

locally square integrable function, since m-l-s > 0) and the function ^ e-> |^|*(4“u(^)) 
(which is square integrable, since u € The function ( e-> then 

defines a distribution (tempered, since u is tempered) by means of an integral over 
K". We deduce that 

\/<p 6 5, (tx, = (27r)2"‘(|e|2^(|^|2"*«)),;^. 

Remarking that 

Vcp e 5, Tp = = pip 

and using the definition of the Fourier transform in S' , we obtain the relation 

'^(p e S, ^ Aa<p(o) = H-ptp = fl-.ip- 

aeA 



Thus, every u € 5 is a solution of 






( 2 . 8 ) 



with /i = where Aa, for a € A, are the constants introduced in (2.7). 

Therefore, the determination of the elements of S leads to a problem of division in S'. 
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2) Let V and vq be two solutions of (2.8). Then, w = v~vq verifies that, in the sense of 
functions, (14 = 0. Hence, = 0 in the sense of distributions. Since w 

has {0} as support, ti is a finite linear combination of derivatives of the Dirac measure 
(cf. L. Schwartz [131]) and, in consequence, to is a polynomial function. Now, since 
w € w belongs to Pm-\- We deduce that the set of solutions of (2.8) is the set 

1^0 + Pm-ii where vq is a particular solution of (2.8). 

Let 

where /i is the distribution introduced in 1). Taking into account that fi 6 C°°(R") 
and s < n/2, it follows from the properties of the pseudo-functions distributions that 

|^P-T= (2tr)-2"*Pf(/i|^|-2») = (27r)-2”*/)|4r'“. 

Thus we can take % = T. In consequence, by Proposition 2.2, the solutions of (2.8) 
can be written in the form 

v = n* {aK 2 m+ 2 s-n + + V», 

where K 2 m+ 2 a-n is the function defined in (2.2), a and b are constants, with 6 = Oif 
m + s - n/2 ^ N*, and ip e Pm-i- 

Now, ^ verifies (2.3). We deduce that, if i/ = m + s — n/2 € N*, then 

To see this, it suffices to observe that, by (1-2.2), i/ < m — 1 and hence 
Va e N”, |a| = m, * \xf'') = ix * d‘^\x\^'' = 0. 

Therefore, the solutions v of (2.8) verify (2.5) and (2.6) with 

^ f(2tr)-2"*CiA„, 2m + 2s-n^2N*, 

“ \(27r)-2"*C2Aa, 2m + 2s-ne2N\ ^ 

where Ci and C 2 are the constants introduced in Proposition 2.2. Then, every u & S 
verifies (2.5) and (2.6) with the coefficients A* = AJ(u) defined by (2.9), proved to 
be unique, and a polynomial p = p{u) € Pm-1, also unique, since A contains a 
Fm-i-unisolvent subset. This completes the proof. □ 

Remark 2.2 - In fact. Theorem 2.1 admits a reciprocal result: every element Kof 
the form (2.5), where K 2 m+ 2 a-n denotes the function introduced in (2.2), p € Pm-l 
and (Aa)o6/i verifies (2.6), belongs to S. This result can be derived from Theorem 4.1 
(see Section 4). □ 

Remark 2.3 - When a = 0, the solutions of the homogeneous equation associated 
with (2.8), i.e. the equation 

P(A™«) = 0, 

are the polyharmonic polynomials (cf. L. Schwartz [131]). By analogy with this 
definition, the (m, a)-splines are often called polyharmonic splines. □ 
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As a consequence of Theorem 2.1, the solution a of problem (1.1) can be written in 
a unique way in the form 

K^ 2 m+ 2 a-n{x - a)+p{x), 

aeA 

with p = p{a) € Pm-l and A* = A* (a) g C,for aeA, verifying (2.6). Let us observe 
that, if a is real valued (i.e. if /3 € K^), then the coefficients A* and the polynomial 
p are real. 

By Corollary 1-2.1 and Sobolev’s Continuous Imbedding Theorem (cf. (4) in Prelim- 
inaries), we have 

xm,s ^ C'r(jjn) 

for any integer r such that m + s > r + n/2. The following result shows that the 
(to, s)-spline functions relative to A are more regular than what could be supposed 
due to their belonging to the space This is the property of super-regularity of 

the spline functions. 

Corollary 2.1 - The space S of the (m,s) -spline functions relative to A verifies 
the inclusion S C C'*^(R"), where 






integer part of 2m 4- 2s — n, 
2to -I- 2s — n - 1, 



2TO-l-2s-n^ N*, 
otherwise. 



Proof - To prove this result, it suffices to show that all the derivatives of order 
< ?7 of the function K 2 m+ 2 a-n are null at the origin. This fact is easily verified if 
2to 4- 2s — n € 2N* , while, for the case 2to -I- 2s — n ^ 2N* , it is a consequence of the 
following relation: 



Va e N", |a| < ri, K 2 m+ 2 s-n(\x\) = |xp"*+2.-n-|a| 




where, given /3 = (pi,. . /3„) € N”, the notation 0 < a means that, for j = 1, . . . , n, 
< aj, and Ca,p are constants. □ 



To finish this section, we give some examples of (to, s)-splines (cf. J. Duchon [55]). 
Let {pi , . . . ,p( 5 i}, where 2)1 denotes the dimension ofPm_i, be a basis of Pm-i- We 
recall that DJI = (”;!;(!!7^). 

Example 2.1 (Thin plate splines) - For anyinteger to > n/2, the (to, 0)-splines 
are called D"'' -splines over R”, In particular, taking n = 2 and to = 2, we obtain the 
D'^ -splines over or thin plate splines, which can be written in the form 

3 

= X]'^Ik-«l^log|a!-a| + ^CjPj(a;), 
a^A j=l 



Vj = 1,2,3, 5;]A:p,(a)=0. 

aeA 



where 
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By Corollary 2.1, u is of class C^. We shall see in Section 4 that the coefficients A*, 
with a G A, Cl, C2 and cs of the thin plate interpolating spline c relative to A and 
/3 = {Pb)b^A 6 are determined in a unique way hy solving the linear system 

' 3 

^ A;|6 - a\^ log|h - a| + ^ CjPjib) = Pb, be A, 

< 064 i=i (2.10) 

^A>j(a) = 0, i = 1,2,3 



(with |6 - ap log|6 — a| = 0 when b — a). 

For n = 1, if we denote by ai un the points of A, with aj < aj+i for j = 

1, . . . , iV — 1, we shall show later (see Remark VII-1.2) that the space S of D^-splines 
over ]R relative to A is the space of functions u G such that u|(_oo,oi), 

tt|[aN,+oo) for j = 1,. . . ,N — 1, u|[o^,o^+i] are polynomial functions of degree less 
than or equal to m — 1, m — 1 and 2m — 1, respectively. □ 

Example 2.2 (Pseudo-polynomial splines) - Takings = we get the pseudo- 
polynomial splines, in particular, 



• for m= 1, the multiquadric functions (cf. R. L. Hardy [78, 79]) 

a€i4 



with 



ae4 



• for TO = 2, the pseudo-cubic splines 



n+l 

“(a;) = ~ 

064 j=l 



with 

Vj = 1, . . . , n + 1, ^ KpjM = O' 

064 



The multiquadrics and the pseudo-cubic splines are functions of classes and C^, 
respectively. The pseudo-quintic splines, obtained for to = 3, are of class C^. 

It can be proved (see the general result given in Section 4) that the coefficients A*, 
with o € i4, and ci,. ..,caji of any interpolating (to, ^^)-spline relative to A and 
P G are determined in a unique way by solving a linear system of order Al + 9J1 
analogous to (2.10). 

For n = 1, any pseudo-polynomial spline is also a D"*-spline over R. □ 
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3. OTHER PROBLEMS. 

Splines defined by local mean values 

Instead of the case of Lagrange interpolation, we can consider the more general situ- 
ation in which the interpolating data are the values of continuous linear functionals 
fj,i,...,IXN over C’'(R"'), that is, the values of distributions with compact support of 
order < r, with r £ N such that m -f- s > r -1- n/2. In this way, we can treat, in 
particular, the problem of Hermite interpolation. 

For any j3 = {Pj)i<j<N S C^, let 

/C={u€X”*-^|Vi = l,...,Al, = (3.1) 

Under the hypothesis 

Vp € Pm-u (mi(p) = • • • = Hn(p) = 0) => {p = 0), 

the results of previous sections can be adapted to prove that there exists a unique 
solution a of problem (1.1), with K, defined by (3.1), and that a can be written in a 
unique way in the form 



N 

O' = ^ ' ^jpj * ^2m+2a—n "b P> 

with p S P-m-l and, for j = 1, . , . , A^, € C verifying the relation 

TV 

WqePm-u X^A‘pj(9) = 0. 

j=l 

One can also envisage (cf. 1. Duchon [55]) the case of an infinity of continuous linear 
functionals ^ which have a compact support contained in the closure of a bounded 
open subset 17 ofR”, belonging to a closed subspace M ofi/“’"“’(R"), with m+s > 0. 
Then, for any given function / in one proves, under the hypothesis 

Vp 6 Pm-u (Vp 6 M, p(p) = 0) =4- (p = 0), 

the existence and the uniqueness of a function a € with minimal semi-norm 

I • |m,s satisfying the relation 



Vp 6 M, p(cr) = p(/). 

However, in the general case, the problem of expressing cr explicitly remains open. 

The example of splines defined by local mean values corresponds to the following 
situation. We first introduce an interpolating operator p of the form 



pv = i / v(x) dx 

\^measo;j J^. 



l<j<N 



(3.2) 
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where { Wj | 1 < j < iV } denotes a set of N nonempty bounded open subsets of R", 
pairwise disjoint. Then, we consider the Beppo-Levi space (denoted at times 
by D~^L^{R”) or even Although (except for n = 1) the condition (1-2.2) 

is not verified, it is known, as pointed out in Remark 1-2. 1, that Theorem 1-2.2 and 
Corollary 1-2.1 remain valid for rn = 1 and s = 0. We deduce that p is a linear 
continuous operator from Lj*oj.(R") into C^, hence from into C^. 

Taking up the study of the preceding section, if we replace the Lagrange interpo- 
lating operator by the operator defined in (3.2), we can prove without difficulty the 
existence and the uniqueness of an interpolating (l,0)-spline a relative to p and 
j3 = iPj)i<j<N 6 i.e. the solution of problem (1.1) with p defined by (3.2), 
m = 1 and s = 0. We can verify that Propositions 1.1, 1.2 and 2.1 remain valid in 
this case. 

Now, let 

^ A. 

= ^ Xuj, 

measu),- ’ 

j=i ■' 

where, for j = 1, . . . , Ai, Xwj denotes the characteristic function of Uj and Ai, . . . , Ayv 
are constants verifying the relation 



N 

Likewise, let H be the elemental solution of the operator A, defined by 






|a:l. 



H{x) = I 



^ logkl, 



I (2-i)S„ 



|x| 



2— n 



n = 1, 
n = 2, 
n > 2, 



where Sn stands for the area of the unit sphere in R". By rewriting the proof of 
Proposition 2.2, simpler in this case, we can prove that 



Using (2.8) with u — a, or the equivalent equation Atr = p, we then show that the 
interpolating spline cr defined by local mean values is written in a unique way in the 
form 

tv . . 

-y)dy + C, 

^ measwfc 

with C € C and Ai, . . . , A;v € C verifying the relation 

N 

y]Afc=o. 

*=i 



A direct reasoning on the expression obtained for a shows that a € ft ^^(R"). 
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The coefficients Afc and C are obtained by solving the linear system 

N 



^ajkXk + C = 0j, l<i<AT, 

fc=l 

N 

^Afc = 0, 



k=l 



where, for j^k = 1, . 



,,7V, 



01 jk — 



1 



measwj measoifc 



/ / H{x - y) dx dy. 

JiJi JitJk 



Remark 3.1 - The computation of the coefficients ajk poses problems which cannot 
be solved in the general case. But when the sets uJj are Euclidean balls of centre aj and 
radius Xj , we have, for n > 2, the following formulae (given by M. N. Benbourhim [26, 
27]): 



Oijk 



H {(Lj tlfc), 

H(r,) 



„2-n 



(n + 2)Sn 



j + k, 
, j = 



where 



H{Tj) = 



(2-n)S„^J ", n > 2. 



To establish these formulae, we proceed in two steps. 

1) For k 6 we consider the function r[>k defined over R" by 

= H{x-y)dy=(^^*H]{x). 

measwfc \measiJk J 



We have 

A^k = 

meas u>k 

and hence, by Friedrichs’ Theorem (cf. J. F. Fions and E. Magenes [94, Theorem 3.2, 
p. 138]), V’A: € iTiQp(R"). We deduce that xjjk admits traces (both equal) on each side 
of the boundary du)k of Wfc- 

For any x such that |a: — a*,] > r*,, the function y i-» H{x - y) is harmonic on Wk- 
Therefore, by the mean valueformula, = H{x — ak) if \x — a*,] > rfc. 

On the other hand, let us consider the function u defined over R" by 
u{x) = ^ (k - “fcP - ‘<i) + (measwfc)H(rA;). 



We have 



Au(x) = 1, X e R", 

u{x) = (measwfc)i/(rfc), x e duk- 
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Then, we get 



(AUk = 0 , 

I V measoifc/ 
u 



ipk - 



meas Wfc 



= 0 , 



on Wjfc, 



on du)k- 



We deduce (solution of the homogeneous Dirichlet problem for the operator — A) that, 
if |a;-afc| < r*,, 






{\x - ak\'^ - rf) + H{rk). 



2n measwfc 
2) For j, fe = 1, . . . , (V, we next compute 

oijk = / i>k{x)dx, 

measujj 



and the result follows, taking into account that, for j = 1, . . , , iV, 

□ 



/ \x-aj 

Jufj 



^n+2 

I'^dx = 



n + 2 



4. COMPUTATION OF INTERPOLATING SPLINES 

Let us return to the problem of Lagrange interpolation introduced in Section 1 . Ac- 
cording to Theorem 2.1, the interpolating spline a relative to A and (3, solution 
of problem (1.1), is written in a unique way in the form (2.5)-(2.6). Denoting by 
{pi, . . . ,pon} a basis of Pm-i and by Cj, for j = 1, . . . , 97t, a constant, we have 

= XI KR'im+is-nix - a) + ^CjPj{x), 
aeA j=l 

with 

= ^A:p,(a) = 0. 

aeA 

Therefore, to determine <r is equivalent to computing the unknown coefficients 

A*, for a € A, and Cj, for j = 1, • • • , OR, by solving the linear system of order N + OR 

an 

A* A' 2 m+ 2 s-n(b - a) + ^ CjPj(b) = 0b, be A, 
aeA j=i (4.1) 

^A:pj(a) = 0, l<j<9Jl. 
aeA 

Let us denote by G the matrix of this linear system. We can immediately verify 
that G is symmetric and almost full (only the block of the 3Jl last rows and OR last 
columns is null). Likewise, G is not positive definite, since X'^GX = 0 for any 
vector X = (xi) € with Xq € K®* (here, X^ denotes the transpose of A) . 
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However, it is possible to reduce the resolution of (4.1) to that of a linear system with 
positive definite matrix (cf. L. Paihua [111], where diverse algorithms for computing 
(m, s)-splines are presented; see also N. Dyn, D. Levin and S. Rippa [60]). 

Finally, the matrix G is regular. This fact is not evident a priori: the uniqueness of a 
does not imply that (4.1) cannot have solutions other than the coefficients of a. We 
shall need the following result. 

Theorem 4.1 - The space S + Pm-i is dense in X"*’*. 

Proof - 

1) It suffices to prove that S is dense in the semi-Hilbert space (X"’*, | • |m,s)- To 

see this, let us observe that, if Aq denotes a Pm- 1 -unisolvent subset of then, by 
Proposition 1-2.2, the norm | • defined in (1-2.5) with E = Aq, is equivalent 

on X*”’® to the norm || • ||m,s- Given that 

\/v e X”*’®, Btp e Pm-I, Va e Ao, {v + = 0, 

we deduce that there exists C > 0 such that 

Vt; 6 X™'^ aV' e Pm~u llu + t^-IU.* < C\v\m,.. 

Hence, the density of 5 in (X"*’*,| • |m,s) implies that of 5-1- Pm-i in (X"“’*,|| • ||m,s)- 

2) Let us suppose that u € X™’“, with 

€ 5, = 0. 

Taking up again the reasoning of the proof of Theorem 2.1, we obtain the relation, 
analogous to (2.8), 

We deduce that the support of it is the set (O). Thus, u is a finite linear combination 
of derivatives of the Dirac measure. Consequently, u is a polynomial and hence, since 
u 6 X"*'*, u 6 Pm-i- We conclude that S is dense in (X"*''', | • |m,s)- □ 

Theorem 4.2 - The matrix G is regular. 

Proof - Let us prove that the homogeneous system associated with (4.1) admits 
only the null solution. For this, let us suppose that the coefficients A*, for a e >1, and 
ci, • . . , Cot are a solution of the system (4.1) for 0 = 0. Now, let 

OT 

U = ft * X2m+2«— n "t" ^ , ^jPj i 
J = 1 

with jx* = YlaGA^a^o,- By hypothcsis, p* belongs to and verifies (2.3). 

Hence, by Proposition 2.2, u € X'"'*. On the other hand (cf. the proof of Proposi- 
tion 2.2), for any a G N", with |a| = m, 

♦ X2m+2a-n))(0 = 
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where C = 1/Ci if 2m + 2s — n^ 2N* , or C = I/C 2 otherwise (Ci and C 2 denote the 
constants introduced in Proposition 2.2). We deduce that 

G 5, {u, ifUs = c(27r)2"“ m di 

= C(27t)2- [ Piom di = C(2,r)2-;?.^. 

7r" 

Therefore (see point 1) of the proof of Theorem 2.1), 

G 5, {U,^)m,e = C(27r)2« ^ 

a^A 



Since <5 + Pm-l is dense in X’”’* (cf. Theorem 4.1), taking into account that, for 
j = 1, . . . ,9Jl, I2oe/l '^oPj(®) 0, and applying Corollary 1-2.2, we obtain 

'iv G {u, v)m,s = C7(2x)2”* ^ a:^. (4,2) 

a€A 

We deduce that it is a solution of the problem 

fit G K,q, 

fVv G KfQi {u^ v^uifS “ 0) 

which is just (1.2) with /3 = 0. Hence it = 0. Thus, (4.2) implies that A* = 0, for any 
a & A. Finally, since A contains a Pm-i-unisolvent subset, Cj = 0, for j = 1,. . . ,OT. 
The Theorem follows. □ 



5 . A CONVERGENCE RESULT 

Let be a bounded open subset of R" and let / G We shall prove that, 

under suitable hypotheses, the interpolating (m, s)-spline relative to A and (/(<i))„g^ 
converges to / in /T"+“(n) as TV — * + 00 . To see this, we first need to introduce new 
notations and hypotheses, modifying those of Section 1. 

Suppose we are given 

• an open subset f2 of R" with a Lipschitz-continuous boundary (cf. Preliminaries), 

• a subset P of (0, + 00 ) such that 0 G P, 

• for any d G P, an ordered set ^4** of iV = N{d) distinct points in f2. 

Later, we shall suppose that, for any d G P, the set A^ verifies the condition 

sup(5(a;, = d, (5.1) 

where 6 denotes the Euclidean distance in R". Let us observe that the left-hand side 
of (5.1) is just the Hausdorff distance between A'^ and fl. Consequently, (5.1) implies 
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that D is bounded and that this distance tends to 0 as c! does (classical condition in the 
study of the convergence of spline functions). Likewise, let us remark the ambiguity 
in the meaning of d, defined first as an index and next, independently, in (5.1). This 
situation is analogous to that found in the Finite Element theory. We finally point 
out that hypotheses 0 € D and (5.1) imply the weaker condition 

lim sup S(x, A‘‘) = 0. (5.2) 

d~*0 xQfi 



Proposition 5.1 - Suppose that (5.2) holds. Then, there exists 7) > 0 and, for 
any d € D, a Pm- 1 -unisolvent subset .Aq of A‘‘' such that the mapping | • 
defined, for any d €.3, by 



1/2 



yveX''' 



N/ig, 



m,a 



\oeAg 



(5.3) 



is, for any d € DO (0,?y], a norm on uniformly equivalent over Dfl (0,tj] to the 

norm |1 • H^.s- 



Proof- This result is a corollary of Proposition 1-2.3. Let Bq = {6oii • ■ • > &oajl} be 
any Pm-l -unisolvent subset of f2. By hypotheses 0 £ D and (5.2), we have 

Vj = 1, . . . ,9Jl, 3(aoj)deD. (Vd € D, a^j e A'^) and (boj = lini Oq^). 

For any d € D, let Aq be the set {aoii • • • > Then, Proposition 1-2.3 shows 

that there exists a positive constant t) such that, for any d <q, the set Aq is Pm-i- 

unisolvent and the mapping | • ^ norm on uniformly equivalent over 

the set D fl (0, rj] (which is nonempty, since 0 € D) to the norm [j • ||m,s. D 

Remark 5.1 - Since P is bounded, we may assume, for simplicity, that the constant 
T] introduced in the preceding result is an upper bound of P. Therefore, without any 
loss of generality in the study of the convergence, we suppose that, for any d € D, 
contains a P„_i-unisolvent subset. □ 

For any d € B, we now denote by £ £(X’"’*,C^) the operator defined by 

A=Ha))„g^a, (5.4) 



and we write 

ICi = {v€X"^'‘\p‘^v=^0}. 



Let / be a given function in For any d € D, denoting by the element 

(/(“)) 

= {v € X”^'^ \p‘^v = /3‘^}. 
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For any d € D, we denote by the interpolating (m, s)-spline relative to and 
i.e. the solution of the problem 

€ IC^ < IH™,,. 

Let us remark that, for any d € D, it'* exists and is unique, since contains a 
Pm-i-unisolvent subset. 

The following theorem, obtained by J. Duchon, is a convergence result of the inter- 
polating spline 

Theorem 5.1 - Suppose that (5.2) holds. Then, 

limJIcr'' - == 0, 

a — »0 

where denotes the unique element of minimal semi-norm | • |m s In the set {v 6 

X^'^\v\n = f}. 



Proof — 

1) The set defined above is convex and, by virtue of Corollary 1-2.1, nonempty and 

closed in X”*’*. Hence, there exists a unique element of minimal norm || • , 

(cf. Theorem 1-2.2 with = fi), and it is clear that is also the unique element 
of minimal semi-norm | • in that set. 

2) For any d € ®, let Aq be the Pm-i-unisolvent subset of given by Proposition 5.1. 
By definition of and the norm (5.3), we have 

VdeD, 

from which we deduce, according to Proposition 5.1, that the family (a‘^)dg 0 is 
bounded in X'"’*. Thus (cf. Corollary 1 in Preliminaries), there exists a sequence 
with lim(_+oodi = 0, extracted from the family (o’'^)d6Di and an element 
/* € such that, as I —* -l-oo, 

(T^‘ /*, weakly in X*"'*. 

3) We shall prove that /*|n = /• Let x be any point in fi. Hypotheses 0 € D and 
(5.2) imply that 

3(a:‘*)deD) (Vd € D, x‘^ e A"^) and (a; = lim x^). 

d —*0 

Then, taking into account that 

VI 6 N, 



we have 



V/ e N, fix) - = if^ix) - /"(x'"')) + {a“‘ix‘^‘) - a‘^‘[x)). 
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By Corollary 1-2.2, the mapping v v{x) is strongly continuous from into C 
and is also weakly continuous from into C. Then 

lim = f*{x). 

»-foo 

Likewise, the continuity of implies that 

lim f^{x‘^') = f{x). 

/— »4*oo 

Finally, by (1-2.2) and Sobolev’s Holder Imbedding Theorem for the space (H) 
(cf. (1) in Preliminaries), we have 

lim — cr'^'ix)) = 0. 

i-^+oo' ' 

The last four relations imply that f* In = /• 

4) By (1-2.2) and (2) in Preliminaries, the injection from into is 

compact. It follows from Corollary 1-2.1 and point 2) that, as I — ► +oo, 

fjdt strongly in (5.5) 

On the other hand, one evidently has 

k"' - rt,s = k'*' 1 ^,. + , Dm,., 

where SR stands for the real part. Now, for any 1 6 N, /* belongs to K.^‘. Thus, 

k"‘ - r 1^, a <2|/*|^,,-2 SR((t‘'', /•)„,., 

and, therefore, 

lim k^*' - r\m,8 = 0. 

/— »+O0 

Taking limits in the inequality k‘^‘lm,s £ |/^|m,ai we get 

l/*U,a < \f\m,s. 

This relation shows, using the definition of and the result of point 3), that /* = 
From (5.5), it follows that 

lim Ik"'' - /“lim, a = 0. 

/— * + 00 



5) To conclude the proof, we argue by contradiction. Assume that — /^||m,a does 
not tend to 0 when d does. Then, there exists a real number q > 0 and a sequence 
(dj)(gN C D, convergent to 0, such that 

VleN, Ik'"' -/“IU,a >«■ (5.6) 

But the sequence {(T^‘)ieN is bounded in A similar argument to that of points 

2), 3) and 4) shows that there exists a subsequence of (a‘*');gN which converges to /^ 
in leading to a contradiction with (5.6). This completes the proof. □ 
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6. Auxiliary RESULTS 

In this section, we are going to introduce some results which we shall need later. 

For any t € K” and for any r > 0, we denote by B{t,r) the closed ball of centre t and 
radius r. We also recall thatXfi stands for the characteristic function of the set E. 

Proposition 6.1 - Let fl be an open set in R” with a Lipschitz-continuous 

boundary (cf. Preliminaries). Then, there exist constants M > \, M\ > 1 and 
Ao > 0 such that, for any A € (0, Ao], there exists Ta C verifying 

(i) 'itGTx, cn, 

(ii) n C IJ B{t,MX), 

t&Tx 

(Hi) ^ Xfl(t,MA) ^ 
teTx 

Proof- (J. Duchon). 

1) Let u = 2fx/n. It is clear that, for any x S R”, i5(a;,Z") < l/i^, where <5 stands for 
the Euclidean distance. Thus, for any x e R" and A > 0, 6{x,u\IP) < A. Therefore, 

Vx € R", VA > 0, 3t € J/AZ", B{f\) C S(x,2A). 

2) Since the open set f2 has a Lipschitz-continuous boundary, it also has the cone 
property (cf. P. Grisvard [75]). Thus, there exists 6 e (0,rr/2j, r > 0 and, for any 
X 6 n, a unit vector ^(x) € R" such that the cone 

C{x,^{x),9,r) = {x + at) \ T] e R", It?] = 1, • ^(x) > coaO, 0 < a < r } 

is contained in (2. 

3) Let M = 2(1 -(- sin^)/ sin0 and Ao = r/M. For any A € (0, Ao], let 

rA = {t€i/AZ”|B(<,A)cn}. 

Obviously, point (i) holds by definition of Ta. Now, let A 6 (0, Aoj. For any x € fl, it 
is readily seen that 

b(x+ ^^{x),2x) cC{x,ax),9,MX). 

Likewise, since MX < r, by point 2), 

C{x,^{x),9,MX) C C(x,^(x),9,r) C fl. 

But, by point 1), there exists t G i/AZ" such that 

/ 2A \ 

B(t,X)cB[x + —^(x),2X). 
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We deduce that B{t,\) C Q. and t 6 C(a;,^(a;),0,MA), which implies that t eTx and 
\t — x\ <MA. Hence, x & B{t, MX) for some t € T\. Therefore, point (ii) is satisfied. 

4) Let Ml = {M\/n + 1)". For any A € (0, Aq] and a; = (xi, . . . ,x„) € M”, the closed 
ball B{x, MX) is contained in the closed interval 11^=1 ~ which, in 

turn, contains at most M\ points of j/AZ". This means that x belongs to at most M\ 
closed balls with centres in T\ and radius MX. In consequence, point (iii) holds. □ 



Let k be the integer defined as follows: 



k — 



integer part of m + s, 
m + s — 1, 



m + s ^ N*, 
otherwise. 



( 6 . 1 ) 



Proposition 6.2 - Let f2 be an open subset of K" with a Lipschitz-continuous 
boundary (cf. Preliminaries). Then, there exists a positive constant C such that 

min ||u - ■0||m+s,n < 



Proof - This is a classical result when m + s S N* (cf., for example, J. Necas [109]). 
For the case m + s ^ N*, see A. M. Sanchez and R. Arcangeli [127]. □ 



Let ft be now an open subset ofR" with a Lipschitz-continuous boundary (cf. Prelim- 
inaries), P, a prolongation operator from into /, the identity 

operator in 11*;, the projection operator from onto Pfc(H), and 

E, the operator that assigns to any polynomial function over H the same polynomial 
function over R”. We write 

P = P{I-Hk) + EY[k. ( 6 . 2 ) 

It is clear that P is a prolongation operator from into the semi-normed space 

{v €V I |ulm+s,K" < +00 }. Moreover, we have the following result, established by 
G. Geymonat (cf. G. Strang [136]). 

Proposition 6.3 - Let f2 be an open subset of R'‘ with a Lipschitz-continuous 
boundary (cf. Preliminaries) and let P be the operator defined in (6.2). Then, there 
exists a constant C > 0 such that 

Mv e IPvlm+s.R’^ < C|uU+,,n. 

Proof - Since the semi-norm | • |m+s,R" is null over P*,, 

Vu € P™+«(H), |PuU+,,Rn = |P(7 - n*)uU+,,,R.. < ||P(7 - nfc)u|l„,+,,Rn. 

By definition of P, we have 

3C > 0, Vu 6 77"'+“(H), |PtiU+,,Rn < G||(7 - n*)u|U+,,n, 
from which, by definition of H*,, we deduce that 

3C > 0, Vu 6 P™+^(H), Vi/, e Pfc(O), |PuU+,,r.. < C||(7 - n*)(u - i/.)|U+s,n. 
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Consequently, 

3C > 0, Vn e Vt/; € Pfc(n), |PnU+,,Rn < C||(n - t/.)|U+,,n. 

Proposition 6.2 then gives the result. □ 

We recall that two open subsets and fl of K" are affine-equivalent if there exists 
an invertible affine mapping F •. x Lx c, with L G £(E”,R") and c g E", such 
that n = P(f2) (cf. P. G. Ciarlet [45]). Any function {i : — » E (respectively, any 

function u : — * E) is associated with the function v = vo (respectively, the 

function v = v o F). In these conditions, we have 

Proposition 6.4 - Let Cl and Cl be two affine-equivalent open subsets of E" 
with a Lipschitz-continuous boundary (cf. Preliminaries). Then, for any function v 
belonging to H”^+^{Cl), the function V belongs to H"''*'^{CT} and vice versa. Moreover, 
there exists a constant C > 0, which only depends on n and m + s, such that 

(i) Vn € P-+*(n), < C\\Lr \detL\-' |nU+,,n, 

(ii) \/v € P-+»(n), |nU+.,n < C||L-»r IdetL^ 

where either p = m-\- s and v = 1/2, ifm + s 6 N*, or p = m-G s n/2 and u = 1, 
otherwise. 

Proof - If m + s € N*, cf. P. G. Ciarlet [45]. Otherwise, cf. A. M. Sanchez and 
R. Arcangeli [127]. □ 

We conclude this section with two results relative to Lagrange interpolation in E". 
Here, as well as in Sections 7 and 111-4, we denote by ^ the dimension of the space Pj,, 

Proposition 6.5 - Let Cl be an open subset of E” with a Lipschitz-continuous 
boundary (cf. Preliminaries). Let B cCl^ be a compact set of Pk-unisolvent tuples 
6= {bi,. . . ,b^), and, for any bG B, letBf be the Lagrange Pk-interpolating operator, 
defined, for any v G ff’^'*'"(Cl), by 

n*'ti € Pk(Cl) and, for j = 1, . . . , n'’v(bj) = v(bj). 

Then, there exists C > 0 (dependent on Cl, B and m-\- s) such that 

V6 GB,'ivG H'^+\Cl), ||i; - < C|uU+,,n. 

Proof- (cf. J. Duchon [56]). 

1) By (1-2.2) and Sobolev’s Continuous Imbedding Theorem (cf. (4) in Preliminaries), 
for any 6 6 fl, / — II*’ is a linear continuous operator from P"*+*(n) into //'"*+*($!). 
We deduce that, for any bG B, there exists a constant C(b) such that 

Vt; 6 P"*+^(n), ||« - n^lU+^.n < C'(6)||t;|U+,,n. 
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2) Let us prove that 

supC{6) < + 00 . (6.3) 

beB 

For this, it is sufficient to show that, for any v g the set | 6 G B} 

is bounded in The relation (6.3) then follows by applying the Banach- 

Steinhaus Theorem (cf. H. Brezis [40, Theorem II. 1]) to the family of operators 

(/-n'')6es. 

Let pi,...,p^ be a basis of Pfc(Il) and, for any b € B, let M(6) = {Pi{bj)) 

The matrix M{b) is regular, since bis Pfc-unisolvent. Denoting by rn^j{b) the generic 
element of the inverse matrix M{b)~^, for any v € we have 

Si 

n'‘v = v{bi)mij{b)pj. 
i,j~l 

But, on the one hand, v G is continuous on U and, on the other hand, 

since matrix inversion is a continuous operation, each function mL is bounded on the 
compact set B. We deduce that, for any v G ||n*’ti||m+s,fi remains bounded 

when b varies in B. 

3) Since 

Vi> G S, VV* € Pfc(fl), n'*!/. = ip, 
by the preceding points, there exists a constant C such that 

Vb G p, Vw G p™+'’(n), G Pfc(ii), ||« - n'’«|u+,,Q < c\\v - ?/>lu+.,n. 

Then, using Proposition 6.2, the result follows. □ 

Proposition 6.6 - There exists R> 1 (dependent on n and m + s) and, for any 
M > 1, a constant C (dependent on M, n and m + s) verifying the following property: 
for any d > 0 and any f G R", the ball B(t, Rd) contains M closed balls Bi,. . . of 
radius d such that, for any v G (^B[t, M Rd)) which is null in at least one point 

of each of the balls B\, . . . ,B^, we have 

VI = 0, . . . , fc, - C'd'”+® ‘\'^\m+a,B(t,MRd)- 



Proof- (Cf. J. Duchon [56]). 

1) Let b° = (bj, . . . ,6^) G (E")^ be a P^-unisolvent .^-tuple. Let us see that there 
exists ro > 0 such that any .^-tuple b G nf=i is Pfc-unisolvent. For this, we 

reason as in the proof of Proposition 1-2.3. 

Let n be an open subset with a Lipschitz-continuous boundary (cf. Preliminaries) 
such that b° G Since fc+1 > m+s, then ^ C^{Q,). Using the inequality 

j=i j=i j=i 
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and Sobolev’s Holder Imbedding Theorem for the space (cf. (1) in Pre- 
liminaries), it is seen that there exists ro > 0 such that, for any b — € 

n^=i5(b?,ro), the mapping | • defined by 



is a norm on 

Now, let b = (6i, . . . ,6^) 6 nf=i B{b^,ro). For any ip e Pfc(H) such that, for j = 
1, ... ,,8, '»p{bj) = 0, we have |[V’I(>,fc-t-i,n = 0 and hence ip ~ 0. Therefore, b is Pk- 
unisolvent. 

2) By a homothecy of reason 1/ro, writing aj = {l/ro)b°, we obtain M balls B{6ij, 1) 
such that the product 0^=1 B{ctj, 1), hy point 1), is a compact subset of (K")^ formed 
by Pfc-unisolvent .^-tuples. The set IJ^=i B{6tj,l) is hounded and so contained in a 
hall B{a, R) whose radius /? > 1 depends on n and k, and hence, on n and m + s. 

Let M > 1. We can apply Proposition 6.5 to the open ball B{a,MR). Thus, 
there exists a constant C (depending on M, n and m + s) such that, for any v € 
MR)) and for any b e [1^=1 B{ctj, 1), 

||0 - < C'|i)|m+s,B(a,Mfl)' 

In other words, there exists C such that, for any integer I = 0, . . . , fc and for any 
V e (B(o, MR)) which is null in one point of each of the balls B{ctj, 1), 



H6,fc4-i,n = + 



life+i 






For any d > 0 and any t € K", let Ff be the invertible affine mapping x t+d{x — a). 
This mapping transforms the hall B{a, MR) into the hall B{t, MRd), the ball fl(d, R) 
into the hall B{t,Rd) and, for any j — 1 ,...,.^, the hall B{aj,l) into a hall Bj of 
radius d contained in the ball B{t,Rd). 



Writings = d o {Ff)~^ and applying Proposition 6.4 (where, in this case, ||L|| = d, 
||X“i|| = 1/d and detL = d"), we see that there exists a constant C such that, for 
any integer / = 0, . . . , /e and for any v g (B(t, MRd)) which is null in one point 
of each ball Bj, 

and 

The result then follows. □ 



7. ESTIMA TES OF THE APPROXIMA TION ERROR 

Let us consider again the framework introduced in Section 5. We recall that H is an 
open subset of R” with a Lipschitz-continuous boundary (cf. Preliminaries), / is a 
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given function in if (fi) and D is a subset of (0,+oo) such that 0 € D. Likewise, 
for any d 6 D, denotes a finite subset of Cl verifying (5.1), and stands for the 
interpolating (m, s)-spline relative to and (S'* = (/(«)) 

From now on, for simplicity, we shall write cr** instead of cr‘*|n. 

Theorem 7.1 - Suppose that (5.1) holds. Then, there exist positive constants R, 
Ao and C such that, for any d € D fl (0, Ao/fl]j we have 

V( = 0, . . . , fc, 1/ - Ai,n < - (T'*U+,,n, 

where k is the integer defined in (6.1). 

Proof- (Cf. J. Duchon [56]). 

1) Let R be the constant of Proposition 6.6 and let M > 1, Ao > 0 and Mi > 1 be 
the constants introduced in Proposition 6.1. We recall that, for any A € (0,Ao], there 
exists a set T\ C Cl verifying 

fiC U 

teTx 

For any d 6 D fl (0, Ao/i?j , let u** = / - (t** . By the above property of Tx , with A = Rd, 
we have 

Vd S D n (0, Ao/i?j, V1 = 0, 

where it'* = Pvfi, P being the operator defined by (6.2). Then, 

Vd e D n ( 0 , Xo/R], VI = 0 , . , , , fc, \uXn < E \^XB(t,MR<ir 

t^TRd 



Now, it is clear that, for any d € DD (0,Ao/i?j and any t € Tfu, u** belongs to 
H'^'^^{B{t,MRd)). Likewise, by (5.1), u'* is null in at least one point of each of the 
balls Bi,. .. of radius d (where denotes the dimension ofPfc), contained in the 
ball B(t,Rd), associated with d and t by Proposition 6.6. Using this proposition, we 
deduce that there exists a constant C, which depends on M, n and m + s, such that 

Vd e D n (0, Ao/P], 'it € Tad, 

il = 0,...,k, \u‘^\i;B^t,MRd) — ‘\^'^\m+ 3 ,B{t,MRd)- 

Therefore, 

Vd€Dn(0,Ao/P], V( = 0 ,...,/c, E \^X^+s,Bit,MRdY 



2) If m + s € N*, for any d 6 D fl (0, Aq/P], we have 



Ei^'^i 



2 _ 



t€TRd 



t&TRd ^ |a|=m+s 
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and so, using point (iii) of Proposition 6.1, we obtain 

W G Dn (0, Ao/fl], Y. ^ (7.1) 

teTRi 

If m + 3 ^ N* , using the same result, we get 

Vd € Dn (0, Ao/ii], XQU) ^ 

KTRi 

where Q{t) = B{t, MRd) x B{t, MRd). This relation, together with the definition of 
the semi-norm | • lm+s,B(t MRdy implies that, in this case, (7.1) also holds. 

3) From points 1) and 2), we deduce that there exists C > 0 such that 

Vd e D n (0, Ao/i?I, V/ = 0, . . . , A, (7.2) 

The Theorem is then a simple consequence of (7.2) and Proposition 6.3. □ 

Corollary 7.1 - Suppose that (5.1) holds. Then, we have 

VI = 0, .... fc, 1/ - a\fi = o{(T+‘-% d ^ 0, 

and also evidently 

\f - CT‘^|m+s,n = o(l), d -* 0. 

Proof - It is sufficient to apply Theorems 7.1 and 5.1 and Corollary 1-2.1. □ 

Remark 7.1 - Let n = 2. For the thin plate splines (i.e. (2,0)-splines), of class , 

we obtain error estimates of the form 

\f-(T%,o = o{d^-%d^Q, ( = 0,1,2, 

whereas for the pseudo-cubic splines (i.e. (2, l/2)-splines), of class and easier to 
compute, we obtain 

1/ - = o(d^2-t)^ i = 0, 1, 2. □ 




Chapter III 



Smoothing {m,s ) -splines 



As in Chapter II, hereafter we assume that m € N*, n € N* and a € R satisfy the 
hypothesis (1-2.2). 



1. DEFINITION AND FIRST PROPERTIES 



We keep the definition of A, A, p and /Co given in Section II-I. Likewise, we denote 
by ( • } (respectively by ( • , • )) the Hermitian norm (respectively, the Hermitian 
scalar product) in C^. For any e > 0 and any € C^, we write 

VueX"*-*, JAv) = {pv-l3f+e\v\i^,. 



Then, we call smoothing {m, s)-spline relative to A, p ancle any solution, if any exists, 
of the problem: find such that 



a, e 

Vu 6 X"*'*, < Je{v). 



( 1 . 1 ) 



Theorem 1.1 - Problem (1.1) admits a unique solution ae, which is also the 
unique solution of the variational problem: find such that 

( 1 . 2 ) 

\Wv e {p(Te,pv) +e{(Te,v)m,, = {P,pv). 

In addition, the smoothing (m, s)- spline a ^ relative to A, /3 ande belongs to the space 
S of the {m,s)-spline functions relative to A, defined in (II-2.1). 

Proof - Let us endow with the norm | • defined in (1-2.5) with E - A, 

for which, by Theorem 1-2.2 and Proposition 1-2.2, X”*’* is a Hilbert space. On the 
one hand, taking into account that p € £(X”*’*,C^), the mapping 

(U,t;) {pu,pv) +£{u,v)m, a 

is sesquilinear with hermitian symmetry, continuous on X'"’® x X"*’®, since 

€ X"*’^ \{pu,pv) +£{u,v)m,s\ < max(l,e)H/i,m, 4^1.4, m,s, 
and X”*’‘-elliptic, since 



\/v e X"*’" 



(/w)^ + £|w|m.s > min(l,e)H^,„,, 
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On the other hand, the mapping v {0,pv) is continuous antilinearon AT™’*. The 
Lax-Milgram Lemma (cf. P. G. Ciarlet [45, Theorem 1.1.3]) then proves that (1.1) 
and (1.2) admit the same unique solution Finally, we derive from (1.2) that, for 
all ui € ICq, {ae,w)m,s = 0, and then CTj € S. □ 

The following result shows that the smoothing (m, s)-spline Ce relative to A, j3 and e 
is an approximant, as e — i 0, of the interpolating (m, s)-spline a relative to A and /?. 

Theorem 1.2 - As e — > 0, we have ||(Tj — <T\\m,s = 0{e). 

Proof - Taking into account that /? = per and the definition of the scalar product 
I ' 1 • I/i,m,s associated with the norm | • |A,m,s) from (1.2) we deduce that 

Ve > 0, Vu e X™’*, (1 - e)(p(ff£ - ff),pu) +e|iTf - cT,u]]4,„,s 

= -e|<7, v\A.m,a + s{p<y, pv) , 

from which, denoting hy p* e the Hilbertian adjoint operator of pfor 

the scalar product | • lA.m.si we get 

Ve >0, (1 - e)p*p((Te - cr) + e{<Te - o) = -£cr + ep*pa. (1.3) 

Now, since dim(Imp*) < +oo, a & S — (Kerp)-*- = Imp* = Imp*, where Kerp and 
Imp* are, respectively, the null space of p and the range of p*. Hence, there exists 
f e such that —a = p*G Likewise, by Proposition 11-2.1, there exists y & S such 
that ^ = py. Let z = a Ay. It follows from (1.3) that 

Ve >0, (1 - e)p p 1- e = p pz, 

e e 

or, equivalently, 

Ve >0, (1 - e)p*p{ve - z)A e(ve - z) = e{p*pz - z), (1.4) 

with Ve = If we form the scalar product [ • , • J/i, m,s, of both sides of (1.4) 

with Ve — z, we deduce that 

Ve >0, (1 - s)(p(Ve - Z))^ + e\Ve - zlXm.s < 4P* P^ - ~ 

This implies that 

Ve 6 (0, 1), — 2|A,m,s ^ \p pZ ~ .zjA.m.S! 

and, therefore, the Theoremfollows. □ 

2. COMPUTATION OF SMOOTHING SPLINES 

By Theorem 1.1, the smoothing (m, s)-spline Ce relative to A, (3 and e belongs to S. 
Thus, by Theorem 11-2.1, Ue is written in a unique way in the form 

SOT 

^44 = KF2m+2s-n{x ~ a) + ^CjPj(a:), 

a^A j=l 
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with 

= ^A>^(a) = 0, 

a^A 

where {pi, . . . ,pajt) denotes a basis of Pm-ii and A*, for a € A, and Cj, for j = 

1 an, are coefficients. Likewise, reasoning as in the proof of Theorem II-2.1 (see 

the relations (II-2.7) with u = and (II-2.9)), we deduce that 

Vn e {a„v),n,s = C*Y, KW), 

a€A 



where 

C* = i ’ 2m + 2s - n ^ 2N* , 

~ |(27t) 2’"/C'2, 2m + 2s-ne2N*. 

Here, Ci and C 2 denote the constants introduced in Proposition II-2.2, explicitly 
given in Remark II-2.1. In particular, for the cases of thin plate and pseudo-cubic 
splines in (cf. Examples II-2.1 and II-2.2), the values of C* are, respectively, Stt 
and 9. 

For any b € A, let ipb € X”*’* be a function such that 

Va € A, ifib{a) = 1^’ “ 

10, b. 

Taking v — ipb in (1.2), we obtain the linear system of order N + Tl 

an 

eC*X*b + ^ X:K 2 m+ 2 .-n(b - a) + ^c,p,(b) = (3b, be 21, 

< a€A j=\ (2.1) 

^A:p,(a)=0, 

.a€A 

Thus, it suffices to solve (2.1) in order to determine Let us observe that the 
preceding linear system can be straightforwardly written in terms of the parameter 
£* = eC* . So, one can decide to fix the value of e* instead of that of e. In real 
problems, the choice of e* can be made directly, either by trial and error, or by 
statistical methods, such as the generalized cross validation method (cf. P. Craven 
and G. Wahba [49], C. Gu [76], G. Wahba [149]). Hence, in practice, the exact value 
of the constant C* is not needed. 

Let us also note that the matrix Ge of (2.1) is deduced from the matrix G of the 
linear system (II^.l), corresponding to the interpolating spline relative to A and (3, 
by the relation 

Ge=G + eC*J, 

where J is obtained from the identity matrix of order X + 9Jl by replacing the last 
diagonal elements by 0. 

Theorem 2.1 - For any e > 0, the matrix Ge is regular. 
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Proof - Let us prove that the homogeneous system associated with (2.1) admits only 
the null solution. To this end, let us suppose that the coefficients A*, for a & A, and 
Cl, . . . , c®i are a solution of the system (2.1) for /3 = 0. Let 

OT 

U — ^ ^ Aq 5(1 * K2m+2s—n "h ^ ' ^jPj • 
aEA j=l 

Reasoning as in the proof of Theorem 11-4.2, we see that u belongs to X"*’* and 
verifies (11-4.2), where C — (27r)~^’"C*. Likewise, it is clear that 



wt 



{pu,pv) = EE K^2m+2s-n{b “ a) + E 



beA 'aeA 



1=1 



Using (2.1) with /3 = 0, we obtain 

Vu € X™'", {pu,pv) = -sC* ^ 

beA 



Taking (11-4.2) into account, we get 

Vu e (pu,pv) +e{u,v)m,s = 0. 

Thus, u is a solution of problem (1.2) with (3 = 0, and so ii = 0. This implies, by 
(11-4.2), that A* = 0, for any a G A. Finally, since A contains a Fm-i-unisolvent 
subset, we derive from (2.1), with /3 = 0, that Cj = 0, for j = 1 , . , , , DJI. The Theorem 
then follows. □ 

3. CONVERGENCE RESULTS 

As in Sections 11-5 and 11-7, suppose we are given an open set fl C K" with a 
Lipschitz-continuous boundary (cf. Preliminaries), a function / 6 a set 

D C (0, +oo) such that 0 € D and, for any d € D, a finite subset of AT = N(d) points 
of n verifying (11-5.1). For any d € D, let p'^ G be the operator defined 

in (11-5.4), and, for any d € D and any e > 0, let us denote by the smoothing 
(m,s)-spline relative to A‘^, whose existence and uniqueness 

follow from the fact that A‘^ contains a -unisolvent subset (cf. Remark 11-5.1). 

For the sake of simplicity, we shall suppose that e is a function of d and that e : D — > 
(0, -boo) verifies 

e = o(d“"), d 0. (3.1) 

From now on, we shall write e instead of e(d). Let us observe that, from a practical 
point of view, it is quite reasonable to assume that e depends on d. This allows us to 
consider that first we are given the data family (A^)dgD and then we have to choose 
the corresponding values of e. 

Theorem 3.1 - Suppose that (\\-5 A) and (3 A) hold. Then, 
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where denotes the unique element of minimal semi-norm | • |ms in the set { v 6 

Proof - 

1) Let us prove that, for some d* > 0, the family ((T^)deDn(o,d‘] is bounded in X^'^. 
By definition of cr^ and (whose existence and uniqueness have been justified in the 
proof of Theorem II-5.1), we have 

Vd e D, < {p-^f - (3.2) 

We deduce that 

VdeD, |tr,"U,,<|/«k, (3.3) 

and that 

VrfeD, {p\o^,-f^)?<e\f?m,s- (3.4) 

Let Bo = (boi) • • • i^otm} be a Pj„_i-unisolvent subset off) and let ro > 0 be the 
constant of Proposition 1-2.3. Obviously, there exists Vq 6 (0, ro] such that 

Vj = l,..,,OT, B{boj,r'o)cn. 

It follows from (II-5.1) that 

Vd e Dn (0,ro), Vj = 1,...,QK, S(6oj,fo - «i) C (J B{a,d). 

a€A<‘nB{boj ,r'o) 

Letting Nj = card(A'' O B(6oj,ro)), we have 

Vd e D n (0, r'o), Vj = 1, . . . , an, (r^ - d)" < NjdT. 

Thus, for any do € (0,ro), we get 

Vd 6 D n (0, do), Vj = 1, . . . , an, Nj > (r(, - do)"d-". 

Now, from (3.4) and (3.1), we deduce that 

Vj = 1, . . . , an, ^ \(rf(a) - f(a)f = o(d“"), d -> 0. 

aeA^iriSiboj ,r'o) 

Likewise, for any d g D D (0, r'o) and any j = 1, . . . , an, there exists at least one point 
bj & A^n B{boj,r'o) such that 

ke(*»j) - /(^j)l = min , ke(«) - /(«)!• 
a£A<‘nB{boj,T'o) 

Hence, from the last three relations, we derive 

vj = 1 , . . . ,an, \a^{b^) - f{b^j)\ = 0(1), d ^ 0. 



(3.5) 
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For any d € D n (Oiro), let = {bi,...,b^}. Applying Proposition 1-2.3 with 
B = B’^, we derive from (3.3) and (3.5) that 

3C > 0, 3d* > 0, Vd € D n (0, d*], ||(t^1U,. < C7, 

that is, the family (u£)(i6Dn(o,d*] is bounded in X™’*. 

In consequence (cf. Corollary 1 in Preliminaries), there exists a sequence 
with, for any 1 e N, £; = e(d() and 

lim di — lim dfe; = 0, 

l—*+oo l—*+oo 

extracted from the family (crg)dgDn(o,d*]) and there also exists an element /* 6 X'"’* 
such that, as I — > +cx), 

crfi /*, weakly in X™’*. (3,6) 

2) We shall prove that /*|n = /, arguing by contradiction. Suppose that f*\a ^ f. 

Then, taking into account Corollary 1-2.1 and that, by(I-2.2), is continu- 

ously imbedded into C°(f2) (cf. (3) in Preliminaries), there exists a nonempty open 
set O contained in fl and a real number q > 0 such that 

'ix e O, \f*{x) - f{x)\ > a. 

But, in fact, the imbedding of into C°(f2) is compact. Hence, it follows 

from (3.6) that the sequence converges uniformly over f2 to /*, and so there 

exists /o € N such that 

VI € N, 1 > lo, 'ix € O, W^lix) - f*{x)\ < all. 

Then, for any 1 6 N, 1 > /qi we have 

Vtr 6 O, Wtlix) - f{x)\ > \rix) - f{x)\ - \a^l{x) - /*(x)| > a/2. (3.7) 

Now, a reasoning similar to that in point 1) shows that, for any I 6 N sufficiently 
large, there exists one point b‘^‘ € D O such that 

-/(&''')! = 0 ( 1 ), /- 4 + 00 , 

which leads to a contradiction with (3.7). Therefore, f*\Q = f. 

3) Let us prove that 

lim Ike,' -/“lU,s = 0. (3.8) 

t-+*foo 

Obviously, we have 

V/ e N, 

But, from (3.3), the definition of and the relation f*\Q — /, we deduce that 

V(eN, \af,\m.s<\f^\m.s<\r\m.s, (3.9) 
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and, hence, by (3.6), 

lim \af - f*\m,s = 0. 

»4-oo ‘ 

Likewise, Corollary 1-2.1, the compact imbedding of (11) into (cf. (2) in 
Preliminaries) and (3.6) imply that 

lim -/lo,n = 0. 
l—*+oo 

Thus, 

lim |ke,‘ - nim,» = 0. 

i— >-|-oo 

Finally, taking limits in (3.9), we deduce that /* = /^, and, therefore, (3.8) holds. 

4) We conclude the proof reasoning again by contradiction. Assume that, under the 
hypotheses of the Theorem, |kg — /^||m,s does not tend to 0 when d does. Then, there 
exists a real number a > 0 and two sequences (d()(€N C D and (£()(eN C (0, +oo), 
with, for any Z 6 N, = e(d{) and 

lim d'l — lim (d!)"e! = 0, 

I-.+00 i->+oo ‘ 

verifying 

V/eN, >a. (3.10) 

But the sequence (<Tj,‘)igN is bounded in X”*’". A similar argument to that of points 
1), 2) and 3) proves that there exists a subsequence of which converges to 

in in contradiction with (3.10). The Theorem follows. □ 

Remark 3.1 - The following result can also be proved (cf. M. C. Lopez de Silanes 
and R. Arcangeli [101]): 

Assume that (11-5.1) holds and that 

N = 0(d-"), d -4 0. (3.11) 

Then, except for the trivial case f 6 Pm-liil). the condition (3.1) is necessary and 
sufficient for the convergence, as d—*0, of a g\n to f in /f’""*'*(n). 

Hypothesis (3.11) means that, asymptotically, the points of A‘^ should be regularly 
distributed in H. Let us observe that, by (11-5.1), we have 

Vd€ D, n C y B(a,d), 

06/1'' 

from which we derive 

3C > 0, Vd € P, NdT > C. 

Therefore, as d — ► 0, Ais of order > n compared with d~^. Hypothesis (3.11) implies 
that N is exactly of order n, i.e., as d — * 0, A tends to +oo at the same rate as 
d-". □ 




46 



Multidimensional Minimizing Splines 



Remark 3.2 - It is not necessary to suppose that e depends on d. Theorem 3.1 
can he formulated in a more general way: under the only hypothesis (II-5.1), the 
smoothing (m, s)-spline relative to A^, e > 0 converges to in 

through the filter basis B = {Ba/J 1 « > 0, (3 > Q), with Bap = {(d,e) e 
D X (0, +oo) 1 d < a, d"e < /3 }. □ 



4. Estimates of the approximation error 

Let us suppose again that we are given an open set 11 c M" with a Lipschitz-continuous 
boundary (cf. Preliminaries), a function / g a set D g (0, +oo) such that 

0 g D, and, for any d g D, a finite subset of N = N{d) points of flverifying 
(II-5.1). For any d g D and any e > 0, we denote by the smoothing (m, s)-spline 
relative to A'^, = {fia))^^^d and e. Likewise, we let uf = f ~af\n and uf = Puf, 

where P is the operator defined in (II-6.2). 

Let us recall that ^ denotes the dimension of Pk, with fc g N given by (II-6.1), and 
let i? > 1 be the constant introduced in Proposition II-6.6. From the proof of this 
result, we extract the following facts: 

• there exists a set {ai, . . . ,a^} C R" such that 11^=1 B{aj, 1) is a compact subset 
of (R")''^ formed by Pfc-unisolvent .ft-tuples; the constant R is chosen, in fact, so 
that, for some a g R", B(aj, 1) c B(d, R); 

• the closed balls of radius d, contained in B{t,Rd), that Proposition 

II-6.6 associates with any d > 0 and any 1 g R" are defined as follows: 

where Ff stands for the invertible affine mapping P^^ : x g R" i-» t + d(x - d) g R”; 
any .ft-tuple belonging to n^_i Bj is P^- unisolvent. 

Let us consider the constants M > 1 and Ao > 0 and, for any A g (0, Aq], the set 
T\ whose existence is established in Proposition II-6.1. Now, let d g DO (0,Ao/P] 
and t g Tad' It follows from (II-5.1) that there exists a.S-tuple af = (oft, . . . , 4t) 6 
rij=i where Bi , . . . , are the closed balls associated with d and t by Propo- 

sition II-6.6. Since of is Pt-unisolvent, it is possible to define on [B{t, M Rd)) 
the Lagrange Pfc-interpolating operator Ilf given by 

rift; g Pk and, for j = 1, . . . , nfu(aft) = o(oft). (4.1) 

Proposition 4.1 - Suppose that (II-5.1) holds. Then, there exists C > 0 such 
that, for any d g D 0 (0, Ao/P] and for any e > 0, we have 

VI = 0, . . . , A:, ^2 l^t 
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Proof - (Cf. M. C. Lopez de Silanes and R. Arcangeli [100]). Let I be an integer 
such that 0 <l < k. 

1) For any d € D n (0, Xq/R] and any t € Tiu, the balls B{a, MR) and B(t, MRd) 
are affine-equivalent, since the hijective affine mapping Ff transforms the former hall 
into the latter. By Proposition II-6.4 (with F = F^, 1|L~^1| = 1/d and deti = d"), 
there exists a constant C = C{l,n) such that 

V£ > 0, Vd € ID n (0, Ao/ii], Vf G Tftd, 



1 /2 

Now, it can be seen that the mapping v t-> 

a norm on H'^'^‘[B{a,MR)) which is equivalent to the norm || • (if 

m4-s € N*, see J. Necas [109, Theorem 2.7.1]; otherwise, one can reason an^ogously, 
using the properties of the Sobolev spaces of noninteger order). Therefore, there exists 
C > 0 such that 



Ve > 0, Vd € D n (0, Ao/i?], Vt € Tm, ll(nfii^) o Ft\\^^^;s(aMR) 

( ^ ^ 

< c 5: |((n?u^) o F, <')(«, )|" -h o 

\J=1 y 



1/2 



(4.3) 



From the definition (II-6.1) of k, we deduce that the second term on the right-hand 
side of (4.3) is null. Consequently, it follows from (4.2) and (4.3) that 



30 0, Ve > 0, Vd € P n (0, Aq/F], Vt G T^, 



1/2 



(4.4) 



2) Let B = nf=i ■S(®j) !)• Lst us prove that there exists a constant C > 0 such that 

A A 

Vt/.GPfc, V6 = (6 i,..,,6«)gB, Y^maj)\^<cY,mbj)\\ (4.5) 

j=i j=i 

For this, we reason as in the jiroof of Proposition II-6.5. Let pi,...,p^ he a basis of 
Ffc and, for any b = (bi, . . .,bff) G B, let M{b) = {pi{bj))i<i,j<A- The matrix M{b) 
is regular, since b is Ffc-unisolvent. Denoting by mC (6) the generic element of the 
inverse matrix M(b)-i, we have 

A 

Vip € Pk, ^ ^ il>{bi)m'ij{b)pj. 

i.j=l 

Since matrix inversion is a continuous operation, each function m\j is bounded on the 
compact set B. If 

70 = sup|mC( 6 )| and = max \pj{ai)\, 
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it is clear that 



6 Pk, vS = (6i,...,6^) € B, Vj = 1 ,...,^, \ip{aj)\ < %o 7 i 

i=l 



This implies (4.5). 

Now, for any d e D n (0, Ao/i^], t 6 and j = 1, . . . , let By 

definition of Ff and af , the .ft-tuple d^ = (dft, . . , , d^J belongs to B. Using (4.5), 
with ijj = (n^u'^)oFf and b = d^, and taking (4.1) into account, we derive from (4.4) 
that 



3C > 0, V£ > 0, Vd 6 D n (0, Ao/i?], Vt e Tftd, 



1/2 



(4.6) 



3) Using point (hi) of Proposition (II-6.1), we get from (4.6) 

30 0, Ve > 0, Vd e D n (0, Ao/i?], ^ \^Ut\lBit,MRd) 

< Cd"-2‘ ^ |d,"(a)p I < CMid"-2' 

teTRd \o€A-'nB(«,MiJd) / o6A‘' 

Reasoning as in the proof of Theorem 3.1 to get (3.4), we have 

3C > 0, Ve > 0, Vd e On(0,Ao/i?], ^ < Ce. 

The Proposition is then a trivial consequence of the last two relations. □ 

Proposition 4.2 - Suppose that (II-5.1) holds. Then, there exists C > 0 such 
that, for any d G D H (0, Ao/i?] and for any e > 0, we have 

= 0 k, J2\ui- < cd^<"‘+‘-'VX+,,n- 

tSTnd 



Proof - (Cf. M. C. Lopez de Silanes and R. Arcangeli [100]). For any e > 0, 
d e Dn(0, Ao/i?j and t € T^d, it is clear that uf-Ufuf belongs to {B{t, M Rd)) 

and is null in at least one point in each of the balls associated with d and 

t by Proposition II-6.6. Applying this result, we deduce that there exists a constant 
C > 0, depending only on M, n andm + s, such that, for any e > 0, d € Dn(0, Ao/i?] 
and t € T^d, we have 

Vi = 0, . . . ,/c, |Wg - ^t^e\l,B(t,MRd) ^ 



Then, we proceed as in Theorem II-7.1. 



□ 
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From now on, for simplicity, we shall write tr^ instead of |n- 

Theorem 4.1 — Suppose that (II-5.1) holds. Then, there exists C > 0 such that, 
for any d 6 D fl (0, Ao/i?] and for any e > 0, we have 

V/ = 0, . , . , fc, 1/ - <c[\f- . 

Proof- (Cf. M. C. Lopez de Silanes and R. Arcangeli [100]). Let I be an integer 
such that 0 < I < k. For any d G D O (0, Ao/ii] and any e > 0, it follows from 
Proposition II-6.1 that 

teTRd 



In addition, it is obvious that 

Applying Propositions 4.1 and 4.2 to bound the right hand side of the last relation, 
we get 

\4\la < C , 

from which we deduce the Theorem. □ 

Corollary 4.1 - Under the conditions of Theorem 3.1, we have 

Vi = 0, . . . , fc, 1/ - aXn = o{cT+‘-‘) + d ^ 0, (4.7) 

and also evidently 

1/ ~ (te\m+a,U o(l)i d — * 0. 



Proof - It is sufficient to apply Theorems 4.1 and 3.1 and Corollary 1-2.1. □ 

The error estimates (4.7) are only significant when the term tends to zero, 

but they can be improved under supplementary hypotheses. This is what is shown 
in the following theorem, whose point (i) has been proved by F. Utreras [146] in the 
case of D"‘-8plines over R" (i.e. (m,0)-splines). 

Theorem 4.2 - Suppose that (II-5.1), (3.1) and (3.11) hold, and assume that 

3C>0, e> C'd2™+2'>-", d - 0. (4.8) 

Then, when d — + 0, we have 

(i) V/ = 0,...,fc, |/-tT,^|i,fi = o((e/Ar)(’"+^-')/(2'"+2*)), 

(ii) \f-(^e\m+s,n =o(l). 
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Proof - Taking (3.1) and (4.8) into account, from (4.7) we deduce that 
l/-<T,^lo,Q=0(lf‘/V/2), d-4 0. 

Likewise, we have (ii) from Theorem 3.1 and Corollary 1-2.1. Then, using (3.11) and 
a theorem concerning the intermediate semi-norms (cf. R. A. Adams [1, Theorem 
4.14, p. 75]), we obtain (i). □ 

Remark 4.1 - Condition (4.8) means that, as d — » 0, the parameter e can either 
he unbounded, or remain bounded, or even tend to 0 as an infinitesimal function of 
order < 2m + 2s - n. □ 



5 . CONVERGENCE FOR NOISY DATA 

The results obtained in Sections 3 and 4 are results of convergence and error estimates 
for exact data. However, in most real problems, the data are noisy. We shall not 
develop the study of convergence and error estimates in this case. Nevertheless, 
we shall establish a result, of deterministic type, which shows that the problem of 
smoothing noisy data by (m, s)-splines is well posed in the Hadamard sense. Finally, 
placing us in a stochastic situation (where the data are perturbed by a white noise), 
we shall give without proof a Theorem of convergence and error estimates in the sense 
of almost sure convergence. 

We keep the notations of the two preceding sections concerning f, D, A'^, N = 
N{d), p‘^ and a^. For any d g D, let = (^'o)o6A‘‘ be any “error vector”. For any 

e > 0 and for any d € D, we denote by the smoothing (m, s)-spline relative to 

(/(a))^g^j + by Ce, the smoothing (m, s)-spline relative to A^, and 

£. We evidently have + ef, since the operator which to any assigns 

the smoothing (m, s)-spline relative to A^^, and e is linear. 

We assume in the sequel that e is a function of d. 

Theorem 5.1 - Suppose that (11-5.1) and (3.1) hold. Suppose, in addition, that 
d = 0(inf{ 5{a, b) \ ae A‘^, b € A‘^, a^b}), d — » 0, (5.1) 

and that 

sup \u^\ = o((e/N)^''^), d -» 0. (5.2) 

aeA'* 

Then, 

-/“lU.s = 0, 

a — >0 

where denotes the unique element of minimal semi-norm [ ■ |m s in the set {u € 

Proof - For any d € D, the equation (1.2) for the smoothing spline e^, with v — ef, 
can be written as 
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Therefore, 
and hence 

{P'^ei)^ + e\ei\l^,<{p'^)\ (5.3) 

On the other hand, it follows from (II-5.1) that 

VdeD, He IJ B{a,d), 

ae.A'^ 



and consequently 

3C > 0, Vd € D, Aid" > C. 

This implies, together with (3.1), that 

e = o{N), d — » 0. (5.4) 

In particular, there exists Co > 0 and do > 0 such that, for any d € D fl (0,do], 
e < CqN. Taking (5.3) into account, we have 

Vd € DO (0,do], ^{pXf + \etL,s < 

But, under the hypotheses (II-5.1) and (5.1), there exists d* such that the mapping 

is, for any d € DD(0,d*], a norm on X”''" uniformly equivalent over Dfl (0, d*] to the 
norm || • ^ (cf. F. Utreras [146, Theorem 3.4]). Thus, we derive from (5.2) that 

l|e£lU,s = o(l), d 0. 

The Theorem then follows from Theorem 3.1. □ 

In real problems, the hypothesis (5.2) is not acceptable (because it implies, together 
with (5.4), that limd_o{p'‘*) = 0). Due to this fact, the deterministic convergence of 
to cannot be ensured in such cases. However it is possible to obtain convergence 
results of stochastic type. To do this, we restrict the generality of the problem. On the 
one hand, we limit ourselves to the case of D"*-splines over R” (i.e. (to, 0)-splines). 
On the other hand, we suppose that we have, not an arbitrary family of data sets, 
but a sequence of such sets, which requires slight changes in the notations. 

Suppose that we are given, for any j € N, an ordered set of N = N{j) distinct 
points of n which contains a -unisolvent subset. Let 

d = d(j) = sup 6{x, A^) 
leti 



and assume that 



lim d = 0. 



(5.5) 
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Likewise, for any j £ N, let be a given error vector. We suppose that the 

sequence satisfies 

for any j S N, is a “white noise” (5.6) 

(i.e is a Gaussian vector of independent, identically distributed random variables, 
with null mean and the same positive variance). 

Let / now be a function in For any j 6 N and for any e > 0, we denote by 

ai the smoothing D™'-spline relative to suppose that 

£ depends on j and we finally formulate the following supplementary hypotheses: 

£ = e(i) = o(d~"), j ^ +0O, (5.7) 

d = 0(inf{ (5(a, b) | a G , b € A^ , a ^ b}), j —* +oo, (5.8) 



and 



£ = iV"/("+2™)u;(A^), with lim uj{N)/f = +oo, for some 9 > 0, 

j^+oo 

and w(AT) = o()v2"i/(n+2’^)) , j _ +oo. 

The following theorem generalizes results by D. Ragozin [121] in dimension 1, and by 
F. Utreras [146] and by M. C. Lopez de Silanes and R. Arcangeli [101] in dimension 

n. 

Theorem 5.2 - Suppose that (5.5), (5.6), (5.7), (5.8) and (5.9) hold. Then, we 
have almost surely 

lim - /“||m,o = 0, 

J-*+oo 

and 

= \ai\n~ f\ln = ^ 

Proof - Cf. R. Arcangeli and B. Ycart [19]. □ 

Remark 5.1 - Theorem 5.2 has been obtained, in fact, under the following hypoth- 
esis, which is more general than (5.6): for any j £ N, is a vector of independent 
random variables with mean 0 and uniformly bounded moments of any order. In 
addition, the results established in this theorem are also valid in quadratic mean. □ 




Chapter iv 



{m,l,s)-SPLINES 



The (to, /, s)-splines have been introduced, under the denomination L^'^’^-splines, by 
A. Bouhamidi [37] and A. Bouhamidi and A. Le Mehaute [39]. They are a natural 
generalization of the (m, a)-splines, which correspond to the case I = 0. Moreover, if 
the semi-norm | • defined later in Section 1, is slightly modified, the {m,l,s)- 

splines also comprise, as a particular case, the thin plate splines under tension (cf. 
[38], [68], [91] and [132]). 



1. The spaces 



Let n € N*. For any m € N* and any 5 € R satisfying (1-2.2), i.e. the condition 

n n 

and for any 1 e N, we write 

A""’'’* = { w 6 27' I Va e N", TO < |a| < m -H/, 6 }, 

where if* is the space introduced in Section I-l. We also define a scalar semi-product 

r=0 |a|=m-Hr 

(a more general form is available in [37] and [39]) and the corresponding semi-norm 



Vt;e A"*-''*, = 

Let us note that 

i 

~ ^ ] (tt| t^)m+r,8i 
r=0 

where ( • , • )m-i-r,s is the scalar semi-product introduced in Section I-l. 

Reasoning as in Chapter I for the spaces A"*’*, we can prove, under the hypothesis 
(1-2.2), the following properties of the spaces A"*'^*; 

• endowed with the semi-norm | • the space A"*’*’* is a semi-Hilbert space (i.e. 

complete for this semi-norm) that is contained in S'\ 

• Sc A"*''’*; 
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• for any bounded, connected, nonempty, open subset of K", the space X"*'*’®, 
endowed with the norm 






^ dx + \v\l 



m.l.s 



1/2 



is a Hilbert space whose topology is independent of H*; hereafter, we shall assume 
that X"*'*’* is endowed with a norm || • which we shall simply write as 

II • ||m,i,si without making any reference to a particular open set H*; 



• for any open set f2 in R” with a Lipschitz-continuous boundary (cf. Preliminar- 
ies), the operator of restriction to H is linear and continuous from X”*’*’^ onto 



• X"*’*’® is contained in with continuous injection. 



We do not give the proofs of these results and, from now on, we shall suppose that 
(1-2.2) holds. 



2. INTERPOLATING (m, I, s) -SPLINES 

Suppose we are given an ordered subset A of X distinct points of R” which contains 
a Pfre-i-unisolvent subset and an element /3 of C^. Denoting by p 6 £(X”*’*'*, C^) 
the operator defined by 

Pv = 

and letting 

X = {u€X'"-'-* lpw = /?}, 

we agree to call interpolating {m, I, s) -spline relative to A and P any solution, if any 
exists, of the problem: find cr such that 

( 2 . 1 ) 

[Vu e fC, \cr\m,l,s < k|m,l,s 

(cf. Section II-l). Let us take up the proof of Theorem II-l.l. Since5 C X"*'*’*, it 
is easily seen that X is nonempty. Then, defining over X"*’*’* a norm (analogous to 
the norm (1-2.5)) which is equivalent to || • ||m,i,s> concludes that problem (2.1) 
admits a unique solution (this fact is established in a different way in [37] and [39]). 

Contrary to the case of (m, s)-splines, we do not know, in general, how to express the 
(m, 1, a)-splines in terms of functions explicitly known. However, A. Bouhamidi and 
A. Le Mehaute have proved (cf. [37, 39]) that a can be formally written in terms of 
fundamental solutions Km,i,s of differential or pseudo-differential operators: 

Va; e R", a(x) = ^ XaKm,i,s{\^ - o|) -I- p{x), 
aeA 

where the coefficients Aa, with a € A, and the polynomial p 6 Pm-l are determined 
by solving a linear system. The explicit expressions of these fundamental solutions 
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are unknown in general, but they are available in many particular cases (cf. A. Le 
Mehaute and A. Bouhamidi [92]). 

We are now interested in the problems of convergence and error estimates. Let / be 
a given function in Suppose that we are in the situation of Section II-5, 

changing into X”*’*’*. Let us conserve the notations introduced there for D and 
and let cr^ be now the interpolating (m, i, 5)-spline relative to and 
The following two results (cf. M. C. Lopez de Silanes [97]) generalize Theorem II-5.1 
and Corollary II-7.1. 

Theorem 2.1 - Suppose that (W— 5.1) holds. Then, 

= 0, 

a — >0 

where denotes the unique element of minimal semi-norm \ • \mi a in the set { w 6 

Theorem 2.2 - Suppose that (11— 5.1) holds. Then, we have 

Vi = 0, . . , , fc, 1/ - d ^ 0, 

where, for simplicity, we have written instead oftr'^ln, and k denotes the integer 
part of m + I + s if m + I + s is noninteger, or m + i + s — 1 , otherwise. 

3. SMOOTHING (m, I, a)-SPLINES 

We keep the definition of A, N, /? and p given in the preceding section. We denote by 
( • ) and ( • , • ), respectively, the hermitian norm and the hermitian scalar product 
in C^. For any e, we write 

Then, we call smoothing {m,l,s)-spline relative to A, /3 and e any solution, if any 
exists, of the problem: find <Tc such that 

[Vw e Mete) < Je(v) ^ ' 

(cf. Section III-l). Proceeding as in the proof of Theorem III-l . 1 , we can easily prove 
that problem (3.1) admits a unique solution, which is also the unique solution of the 
problem: find ctj such that 

fcTe 6 A'”*''-*, 

e X"*’''®, (p(Te,pu) +e(a£,u)m,i,s = {P,pv). 

Finally, we consider again the problems of convergence and error estimates. Let / 
be a given function in Suppose that we are in the situation of Section 
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III-3 changing into and conserving the notations D, A‘^ and N = N{d). 

Let (Tg denote the smoothing (m, Z, s)-spline relative to A'^, (/(a))„gu and e. The- 
orems III-3.1 and III-4.2 are extended by the following results (cf. M. C. Lopez de 
Silanes [97]). 

Theorem 3.1 - Suppose that (II-5.1) and (III-3.1) hold. Then, we have 

limllcrf - /“|lm,l,s = 0, 

d—*\J 

where is defined as in Theorem 2.1. 

Remark 3.1 - Proceeding as in [101], it can be shown that the result of Theorem 3.1 
is optimal in the sense that, under (II-5.1) and the additional hypothesis (III-3.il), 
the condition (III-3.1) is necessary and sufficient for the convergence of to in 
except for the trivial case / 6 Pm-i(ll) (cf. Remark III-3.1). □ 

Theorem 3.2 - Suppose that (II-5.1), (III-3.1) and (III-3.il) hold, as well as 
the hypothesis 

3C > 0, e > C'rf2m+2i+2s-n^ ^ q 

Then, when d —* 0, we have 
(ii) )/ — cr^lm+i+a,n — 

where we have written instead of a^\n, and k denotes the constant defined in 
Theorem 2.2. 




PARTB 



D^-SPLINES 
OVER A BOUNDED 
DOMAIN OF R” 




INTRODUCTION 



The introduction of D^-splines over a bounded domain of (i.e. those which 
minimize the semi-norm | • is credited to M. Atteia [22, 23]. As in Part A, we 
consider in the following chapters the model problem of Lagrange interpolation. In 
Chapter V we study the existence, the uniqueness, the characterization, the regularity 
and the convergence of interpolating and smoothing D”*-splines. 

Contrary to (m, s)-splines, /^’"-splines over a bounded domain of R" are not explicitly 
known in terms of linear combinations of known functions (except in the case of 
dimension n = 1). It is then natural to approximate them, which we shall do by 
discretizing them by means of the Finite Element Method. In this way, we obtain 
the discrete -splines. Chapter VI is devoted to the study of interpolating and 
smoothing discrete £)’"-splines. Questions about convergence and error estimates are 
specially examined. Part C will show the interest which these (or analogous) splines 
present for various problems of approximation of functions. 

Finally, Chapter VII treats the £)'"-splines in dimension n = 1, whose content is 
classical. 



All spaces considered in this part are real. 




Chapter v 



-SPLINES OVER ft 



Throughout this chapter we shall implicitly assume that m and n are two positive 
integers such that m > n/2. Likewise, we shall always denote by an open subset of 
K" with a Lipschitz-continuous boundary (cf. Preliminaries). 



1. INTERPOLATING D^-SPLINES 



Let A be an ordered set of N distinct points of f2 which contains a Pm-i-unisolvent 
subset. We denote by p 6 R^) the operator defined by 

pv = (tt(a))^g^, 

whose continuity follows from the imbedding (cf. (4) in Prelimi- 

naries). 

Let 13 € R^. We consider the affine linear variety 

K. = {veH"'{n)\pv = l3} 
as well as the associated vector subspace 

K.Q = {veH'^{n)\pv = 0}. 

Then, we pose the following model problem: find a solution of 



CT & 1C, 



( 1 . 1 ) 



Every solution of (1.1), if any exists, will be called interpolating D”' -spline over Cl 
relative to A and p. In the sequel, if nothing else is specified, the term -spline will 
always refer to the D^-splines over f2. 

Remark 1.1 - It is possible to generalize without difficulty problem (1.1) by modi- 
fying the definition of the interpolating operator p. For example, one can include the 
values of derivatives of order k, for some fc £ N* such that m > n/2 -Irk, or replace the 
point values by local mean values. In the latter case, it is possible to develop for the 
D'"-splines over a bounded domain a study analogous to that done in Section II-3 
for the (1, 0)-splines defined by local mean values (cf. D. Apprato, R. Arcangeli and 
J. Caches [9]). □ 



Let us begin with two results of norm equivalence in H'^{Cl) which we shall need in 
the sequel (they are analogous to Propositions 1-2.2 and 1-2.3 relative to the space 
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For any finite subset E of we agree to denote by If • iRmO the mapping 
from F™(n) onto [0, +oo) defined by 



Vp 6 




( 1 . 2 ) 



Proposition 1.1 - Let E be a finite subset of f2. Then, if E contains a Pm-i- 
unisolvent subset, the mapping | • |£,m,n is a Hilbertian norm on equivalent 

to the norm || • ||m,P' Conversely, if\^ • lE.m.n is a norm on the set E 

contains a Pm-i-unisolvent subset and | ■ |B,m,n is equivalent to || • Hm.O' 

Proof - 

1) Suppose that E contains a Fm-i-unisolvent subset. It is clear that [ • is 

a semi-norm on Now, if |p]]B,m,n = 0 for some v € Tf"‘(f2), we have the 

relations p = 0 on £ and |p|m,n = 0. Taking account of the connectedness of f2, it 
follows from the latter relation that p belongs to Pm-i(fl). Then, by hypothesis on 
E, the former relation implies that p = 0 on $7. We conclude that, in fact, [[ • |£,m,n 
is a norm, obviously associated with a scalar product. The equivalence of | ■ |E,m,n 
and II • ||m,n (and hence the completeness of JP^(Q) with the norm | • Js.m.p) follows 
from Theorem 2.7.1 of J. Necas [109]. 

2) The converse is obtained as in point 2) of Proposition 1-2.2. □ 

Proposition 1.2 - Let Bo = {6oi. • • • , 6oroi} be a Pm- 1 -unisolvent subs^ of it. 
For any r > 0, we denote by Br the family of all subsets B = {6i, . . . , b<xn} of Cl which 
satisfy the following condition 

Vj = 1,. ...art, \bj - boj\ < r. 

Then, there exists ro > 0 such that the family Br^ is formed by Pm-i-unisolvent sub- 
sets and the mapping | • la.m.f! is, for every B € Bro, a norm on H”^{Cl), uniformly 
equivalent over Br^ to the norm || • ||m,n- 

Proof - This proof is similar to that of Proposition 1-2.3, replacing the spaces X'"’* 
andF”"+*(n) byF"*(n). □ 

Theorem 1.1 — Problem (1.1) admits a unique solution cr. 

Proof- Using a corollary of Urysohn’s Theorem (cf. L. Hormander [80, Theorem 
1.2.2, p. 4]), one can find real functions (pa 6 T>{Cl) such that 

Va.fcG^l, <^a(6) = li’ (1.3) 

10, bf^a. 

Hence, if /3 = {fia)a&At the function belongs to X. It is then clear that fC 

is a nonempty, closed, convex subset of //"‘(ft). 
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Now, since problem (1.1) is obviously equivalent to the problem 

f O' S /C, 

€ 1C, lol/i.m.n < 

we conclude, taking Proposition 1.1 into account, that (1.1) admits a unique solution, 
namely the element of minimal norm | ■ in 1C. □ 



Proposition 1.3 - The solution (T of problem (1.1) is characterized by 



a € K., 

Vw € /Co, {(T,w)m,n =0. 



(1.4) 



Proof - The element ct is the projection of the null element of onto /C. Thus, 

(j is characterized by the relations 

fa etc, 

6 /C, \Q-a,v- a\A,m,n < 0, 

where | is the scalar product associated with the norm [ • The 

Proposition is then a simple consequence. □ 

Proposition 1.4 - There exists one and only one pair {a,\) € x 

with X = (Xa)aeA) which is the solution of 

iaeK, 

] Vu e (<7,u)„,n = Y. 

I 06/1 



where a is just the solution of problem (1.1). 

Proof - If {a, A) is a solution of (1.5), then a & 1C and, for any to € /Co, (cr, w)m,Ci = 0. 
Hence, a is the solution of (1.1) and a is unique. Now, if (<r, A') and {a,X") are two 
solutions of (1.5), with A' = (A[,)a6A and A" = (A^jae/li we deduce that, for any 
t; 6 - X'a)v(a) = 0, which implies that A' = A". Therefore, there 

exists, at most, one solution of (1.5). 

On the other hand, it is clear that, for any v € the function w = v — 

"^aeA belongs to /Co, where, for any a € A, (pa is any function inD(n) verifying 

(1.3). Then, (1.5) follows from (1.4) if we take, for any a e A, Xa — (a,<Pa)m,n- This 
completes the proof. □ 

The preceding proof shows that the constants An in (1.5) depend on a. But, against 
what its definition seems to indicate, they are in fact independent of the choice of the 
functions pa- 

The vector — 2A, where A = (Aa)o6/l is the vector introduced in (1.5), is just the 
Lagrange multiplier of pxohXem (1.1). 




64 



Multidimensional Minimizing Splines 



2. THE SPACE OF -SPLINES 

We write 

5 = { s e I Vw € -Co, (s, w)m,a = 0 }. 

Proposition 2.1 — The set S is a subspace of dimension N of Moreover, 

the restriction p± of p to S is an isomorphism from S onto and, for any j3 € R^, 
pf^{P) is just the interpolating -spline relative to A and /?. 

Proof - The set S is obviously a subspace (the orthogonal complement of ICo in 
• lA,m,n))- From Proposition 1.3, we have 

V/3 6 R'^, 31(7 eS, pa = p. 

Thus, we deduce that p± is a linear bijection from S onto R^ and hence dim S = N. 
The Proposition then follows. □ 

For any p £ R^, the subspace S contains the interpolating ZJ^-spline relative to A 
and p. We shall show in Section 3 that, for any P € R^ and for any £ > 0, 5 also 
contains the smoothing -spline over U relative to A, P and s. We say that S is 
the space of the -splines over ft relative to A. 

Remark 2.1 - Contrary to the case of the D"*-splines over R", the expression of 
the D”' -splines over f2 is not explicitly known (except for n = 1, cf. Chapter VII). 
However, the Finite Element Method can be used to construct real numerical approx- 
imants, called discrete D'^-splines. We shall show this in Chapter VI. □ 

For any j = 1, . . . , W, we denote by aj the interpolating ZJ'"-spline relative to A and 
Cj, where Cj denotes the jth element of the canonical basis of R^, i.e. aj = pf^{ej). 
It is an immediate consequence of Proposition 2.1 that {a-i, . . . , ctjv} is a basis of the 
space S. These functions are called basis -splines. 

The following results show the regularity properties of the elements of S. 

Proposition 2.2 - Let P be the operator in partial derivatives defined by Pv = 
(— 1)"* and, for any a £ A, let da be the Dirac measure at the point 

a € A. Then, for any s € S, there exists a unique real vector X = (Aa)agA such that 

Ps=Y, ^'(^) (2'1) 

a£A 

and 

ypePm-m, ^A,p(a) = 0. (2.2) 

aeA 



Proof - Let s 6 S'. A reasoning similar to that in the proof of Proposition 1.4 shows 
that there exists a unique vector A = (Aa)agA such that 

{s,vU,Q = ^Xav{a). 
aeA 



(2.3) 
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In fact, for any a € A, the constant Aa is equal to (s, (Po)m,fli where ipa is any function 
in 2?(f2) satisfying (1.3). Now, for any ip € 'D(n), wehave 

Ps.ip = {-1)^ ^ ^ d°‘s.d°‘p= {s,<p)m,(i- 

|a|=m |o|=m 

This relation, together with (2.3), implies (2.1). Finally, (2.2) is a trivial consequence 
of (2.3), since, for any p S (s,p)m,n = 0. □ 

Theorem 2.1 - Every element s E S is an analytic function in the open set fl' = 
fl \ /I. Moreover, for all 9 > 0, s € *(n) and therefore s 6 

Proof - Let s be any element of S. It is clear from (2.1) that Ps = 0 on O'. As P is 
an elliptic operator with analytic coefficients (because these coefficients are constant), 
the Analytic Regularity Theorem (cf. L. Hormander [80, p. 178]) proves that s is 
analytic in O'. 

Likewise, using the definition, by means of the Fourier transform, of the Sobolev 
soaces of noninteger order over R", and taking into account that, for all a,^ € R", 
l<5a(0l = 1, one can verify that 

ae.A 

Then, since P is elliptic of order 2m, it follows from (2.1) and Friedrichs’ Theorem 
(cf. J. L. Lions and E. Magenes [94, Theorem 3.2, p. 138]) that, for any 0 > 0, 

Finally, for any a; € 0, there exists r > 0 and ip € P(0) such that B(x,r) C 0 and 
^ = 1 on B(x, r). Since, for any 9 6 (0, 1), 2m - n/2 — 9 > 2m — n — 1 and sp 6 

Him 

"/2 *(n), Sobolev’s Continuous Imbedding Theorem (cf. (4) in Preliminaries) 
proves that s g C^"*“”~^{P(a;,r)). Therefore, s belongs to □ 

Remark 2.2 - Since 5 C Sobolev’s Continuous Imbedding Theorem implies 

that S C where k = m - n/2 - 1, if n is even, or m - n/2 - 1/2, if n is 

odd. In fact, by Theorem 2.1, 5 is a subspace of C*‘(f2) fl Therefore, 

Theorem 2.1 constitutes a result of super-regularity for the space S of D'"-splines over 
n. Let us observe that the D"*-splines over R” are also functions of class C^m-n-i 
(cf. Corollary II-2.1). 

The result of Theorem 2.1 can be slightly improved in dimension n = 1. We shall see 
in Chapter VII that the elements of S are piecewise polynomial functions of degree 
< 2m — 1. Hence, in this case, S C □ 

3. SMOOTHING -SPLINES 

We keep the definition of A, N, p, (3 and ICq given in Section 1 . Likewise, we denote 
by ( • ) (respectively by { ■ , • )) the Euclidean norm (respectively, the Euclidean 
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scalar product) in For any e > 0, we put 

Vti e Mv) = (pv - pf + e\v\l^n. 

Then, we call smoothing D™' -spline overD, relative to A, /? and e any solution, if any 
exists, of the problem: find such that 



a, e H™(n), 

Vn 6 JeiCe) < Je{v). 



( 3 . 1 ) 



Theorem 3.1 — Problem (3.1) admits a unique solution which is also the 
unique solution of the variational problem: find such that 

G {pa^,pv)-i-e{ae,v)m,u = {P,pv). 

In addition, the smoothing D™'-spline Oe belongs to the space S of D^-splines. 

Proof - Let us endow with the norm | ■ defined in (1.2) with 

E = A, for which, by Proposition 1.1, /T”(f2) is a Hilbert space. Given that 
p G £(F’"(H),R^), the mapping 

(u,v) i-> {pu,pv) +£{u,v)m,n 

is a continuous symmetric bilinear form on x since 

\/u,v e \(pu,pv) +e(u,w),„,n| < max(l,£)HA,m,nMA,m,n, 

and it is also Fr"(H)-elliptic, since 

Vu G +eblm,n > 

Likewise, the mapping v (P,pv) is a continuous linear form on H”^{fl). Then, the 
Lax-Milgram Lemma (cf. P. G. Ciarlet [45, Theorem 1.1.3]) proves that (3.1) and 
(3.2) admit the same unique solution Finally, it follows from (3.2) that, for any 
V G /Coi (o's,v)m,n = 0, and hence e S. □ 

The following result shows that the smoothing Zl"*-spline relative to A, p and e is an 
approximant, as e — * 0, of the smoothing D'"-spline a relative to A and p. The proof 
is similar to that of Theorem 111-1.2. 

Theorem 3.2 — As e — ► 0, w have ||ff£ — a||m,n = 0{e). 

4. CONVERGENCE AND ERROR ESTIMATES 

The £)"*-splines over a bounded domain possess the same properties as the (m, s)- 
splines concerning convergence and approximation errors. Thus, for example, one can 
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prove that, given a function / € the interpolating D"*-spline relative to A 

and converges to/ in as AT = card A + 00 , assuming, of course, 

some additional hypotheses. 

For the sake of brevity, in this section we shall limit ourselves to state, but not prove, 
some results about convergence and error estimates for Z)"*-splines. The reader can 
be sure that, in order to get explicit proofs, it suffices to adapt the theory of Sections 
II-5, II-6, II-7, III-3 and III-4, replacing the spaces X”*’® and by 

and formally putting s = 0. As in these sections, we suppose that we are given 
a subset D of (0, + 00 ) such that 0 € ID and, for any d € D, an ordered set A** of 
AT = A^(d) distinct points in f2 verifying condition (II-5.1), i.e. 

sup5(x, = d. 
xen 

We recall that the left-hand member of this condition is the Hausdorff distance be- 
tween A‘^ and fi, which tends to 0 as d does. 

The following result is the counterpart of Proposition II-5.1, which would be needed 
in the proof of Theorem 4.1 (see below). 

Proposition 4.1 — Suppose that (II-5.1) holds. Then, there exists rj > 0 and, 
for any d 6 ID, a Pm-l •unisolvent subset Aq of A'^ such that the mapping II • Lg, 
defined by (1.2) with E = is, for any d € 00(0, a norm on uniformly 

equivalent over ’DC\ (0,ty] to the norm || • ||m,n- 

Since, by (II-5.1), D is bounded, we may assume, without loss of generality, that 
T) = supD. Thus, for any d € D, A'* contains a Pfn-funisolvent subset. This fact 
guarantees, for any d € ID, the existence and the uniqueness of the interpolating D”*- 
spline over f2 relative to A'* and that we shall denote by as well as, 

for any d & D and for any e > 0, the existence and the uniqueness of the smoothing 
£)’”-spline relative to A**, and e. As in Section III-3, we assume that 

e is a function of d and that e ; D — > (0, -fc») satisfies (III-3.1). 

The next two theorems establish the convergence of interpolating and smoothing £)"*- 
splines. 

Theorem 4.1 — Suppose that (II-5.1) holds. Then, 

lim lla'' - /lU.n = 0. 

o — »0 

Theorem 4.2 — Suppose that (II-5.1) and (III-3.1) hold. Then, 

liinlla^ - /lim.n = 0. 

a — +0 

Remark 4.1 - From a numerical point of view, Theorems 4.1 and 4.2 are merely 
abstract results. They lack real utility, insofar as the Z)”*-8plines over fl cannot be 
explicitly known (except in the case n = 1, cf. Chapter VII). □ 



We conclude with the results relative to error estimates. 
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Theorem 4.3 - Suppose that (II-5.1) holds. Then, we have 

V/ = 0, . . . , m - 1, 1/ - d ^ 0. 

Theorem 4.4 - Suppose that (II-5.1), (III-3.1) and (III-3.il) hold and that 

3C'>0, £>^2"^“", d-0. (4.1) 



Then, we have 

The reader is invited to review the appropriate sections of Chapters 11 and 111. Most 
of the comments made there about the counterparts of the above results and their 
corresponding hypotheses are still valid in the present context. 




Chapter VI 



DISCRETE D^-SPLINES 



We have already mentioned several times that, for n > 1, the -splines over a 
bounded domain cannot be explicitly expressed in terms of a finite number of known 
functions. Hence, for practical purposes, the D^-splines always need to be approxi- 
mated. To this end, the Finite Element Method, in short F. E. M., constitutes a basic 
tool, since it provides an easy way to discretize the elliptic variational problems of 
which the £)"‘-splines are the solutions. Therefore, we are led to consider variational 
problems (or their equivalent minimization problems) analogous to those introduced 
in Chapter V, but posed in suitable finite-dimensional spaces. The corresponding 
solutions are called discrete D”^ -splines. 

As in Chapter V, hereafter we assume that m and n are two positive integers such 
that m > n/2, and also that f2 is an open subset of R" with a Lipschitz-continuous 
boundary (cf. Preliminaries). 



1. THE FINITE ELEMENT FRAMEWORK ^ 

Throughout this chapter we shall implicitly assume that we are given 

• a bounded subset H of (0, -Fcx)) such that 0 g H, 

• a bounded polyhedral open subset Cl of R" such that H C 

• for any h 6 H, a triangulation Th of Cl mad^ up of n-simplices or n-rectangles of 
diameter hjc < h and a finite element space Vh, constructed on Th, such that 

Vh is a finite-dimensional subspace of (1.1) 

For any h g H, we shall denote by Clh the open set defined by 

Clh is the interior of the union of elements K such that K nCl^lh (1.2) 

(cf. Figure 1). It can be seen that the family (J2ft)heH verifies the relations 

Vh g H, Cl c Clh C Cl (1-3) 

and 

lim meas(flh \ fl) = 0. (1.4) 

h —^0 

In addition, for any /i 6 IH small enough, fl/i has a Lipchitz-continuous boundary. We 
assume, without loss of generality, that, in fact, this property holds for any /i 6 H. 

^For the notations, definitions and classical results concerning the theory of the Finite Element 
Method, see, for example, P. G. Ciarlet [45]. 
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Figure 1: Two examples of open sets ft, ft and ft^. 



For any /i € H, we also define the space Vh by 

Vh is the space of restrictions to flh of functions in Vh, endowed with 
the topology induced by that of /f"'(fth). 

It is clear that Vh is a finite-dimensional subspace of H"^(Q,h)- We denote by M = 
M{h) the dimension of Vh- 

To prove convergence results about^ discrete D^-spline^, for any h € M, we shall need 
to approximate functions in by functions in 14., q being a suitable integer 

> m. At a first glance, it seems that, for such purposes, it may suffice to consider, for 
any h. € H, the exact l4-interpolating operator II/i (cf. P. G. Ciarlet [45]). But this 
operator can be applied to functions in /f^(ft) only if the imbedding » C'*(ft) 

is ensured, s being the greatest order of derivation occurring in the definition of the 
degrees of freedom of the generic finite element of the family (V4)iigiHi- Unfortunately, 
the preceding regularity condition may be too restrictive in many particular cases. 

The works of G. Strang [136], P. Clement [47] or L. R. Scott and S. Zhang [133], among 
others, show that it is possible to define l4-approximation operators 11^ under weaker 
constraints, but still preserving the same optimal degree of approximation provided 
by the operator Ilh. Therefore, we may assume that the family (V4)hgH of finite 
element spaces is constructed in such a way that the following result, obtained by 
P. Clement [47, Theorem 1], is verified: 



Let g be an integer such that Pq-\[K) C Pk C Then, 

there exists a constant C > 0 and, for any h 6 H, a linear operator 
lift : L^(ft) —I Vh such that 

/ vl/2 (1-6) 

V/ = 0, Vt; € H^Q), ( E 
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Here, to state precisely the hypothesis on q, K and Pj{ are the first and second 
components of the triple {K, Pk, Er-) which denotes the generic finite element of the 
family (VR)/igiHi- We shall alternatively assume the following variant of the above 
result, which requires a slightly different condition on q (see again [47, Theorem 1]): 

Let q be an integer such that Pq{K) C Pk C Then, (1.6) 

holds and, in addition, 

~ (1-7) 

Vt; e if’(n), lim ( ^ |u - = 0. 



The value of q for which (1.6) or (1.7) should hold will be indicated in every conver- 
gence result. 

Remark 1.1 - In [47], P. Clement limited his study to the usual Hermite triangular 
elements, for which the degrees of freedom 4>% are of the type v —* (Div){bi), where Di 
is an homogeneous differential operator associated with the node hi. Nevertheless, his 
result is also applicable to other finite elements, which may be defined, for example, 
on n-simplices or n- rectangles. To obtain (1.6) or (1.7), P. Clement assumes that 

{'fh)heM is regular (in the P. G. Ciarlet and P.-A. Raviart [46] sense) (1.8) 

and that, for any € H, the basis functions thi , . . . , Wjjj of Vh satisfy the following 
“uniformity” property, introduced in a different form by G. Strang in [136]: 

3C > 0, Vt = 1, . . . , M, with Si <q — \, V/i € H, VAT e 7),, VI = 0, . . . , g, 

Vu G G°°(n), |(^i(?;)u;i|j,K' < C/i^~*(meas max |5“r;(bi)|, 

lal=Si 

where, for any i = Si indicates the order of the differential operator Di 

intervening in the definition of the degree of freedom (j)i, and Wi is the basis function 
associated with For n = 2, condition (1.9) is fulfilled, for example, by the Argyris 
and Bell triangles and the Bogner-Fox-Schmit rectangle (see Section VIII-3 for their 
corresponding definitions). 



We conclude by reccing, for any h € M., the explicit definition of the operator IIj,. 
For any i = let Si be the support of the basis function Wi. Then, H;, is 

given by 

M 

\/v 6 H^(fl), fi/iti = y^(^i(IIiu)ti)i, (I'lO) 

i=l 

where Hit; stands for the L^(n)-orthogonal projection of tion P^_i(5i), i.e. the unique 
polynomial defined by the relations 



iUiV G Pq-l{Si), 

G P,_i(5i), {v - UiV,p)o,Si =0. □ 



Hereafter, every time that hypotheses (1.6) or (1.7) are explicitly stated, we shall 
implicitly suppose that (1.8) and (1.9) hold, as well as the precise condition on q that 
(1.6) and (1.7) contain. 
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2. DISCRETE INTERPOLATING -SPLINES 



2. 1. DEFINITION AND PROPERTIES 



Let A be an ordered set of N distinct points of f2 which contains a Pm-i-unisolvent 
subset. For any € H, we denote by ph € the operator defined by 

PhV={v(a))^^^, 

whose continuity follows from (1.5) and the imbedding ^ C^{^h) (cf. (4) 

in Preliminaries). Let us observe that, in fact, the definition of ph does not depend 
on h. Therefore, to simplify notations, we shall write p instead of ph- 

Let fi e M^. For any /i € H, we introduce the affine linear variety 

K.h = {vh eVk\ pvh= (3) 

as well as the associated vector subspace 

= {vh &Vh\ pvh = 0 } . 



Then, we consider the following problem: find ah such that 

J ^ 



( 2 . 1 ) 



Every solution of (2.1), if any exists, will be called Vh-discrete interpolating -spline 
relative to A and 13. 

Theorem 2.1 - Let h E. M. Suppose that (1.1), (1.2) and (1.5) hold. Then, if 
K-h is nonempty, problem (2.1) admits a unique solution, characterized by 

^ ( 2 . 2 ) 
1 Vui/i € ICohi {a'hi'Wh)m,Qh “ 



Proof - The closed, convex and nonempty subset /C/, of Vh has a unique element an 
of minimal norm | • characterized by (2.2), where | • ]A,m,nh is defined by 

(V-1.2) with E = A and fl/i instead of 12. □ 



It is clear that (2.1) (resp. (2.2)) constitutes a discretization of (V-1.1) (resp. 
(V-1.4)). 

Let us note that, for any h eM., ICh is nonempty if the following condition is satisfied: 
the points of A are Lagrange nodes of the space Vh. (2.3) 

This hypothesis obviously implies that N < M. 
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Remark 2.1 - Let /i 6 H and suppose that (2.3) holds. Let Oi, . . . , be the points 
of A and let lui , . . . , Wm be the basis functions of the space V/,, numbered so that, for 
all j = 1, . . . , iV, tUj(oj) = 1. If /? = Wj)i<j<Nf it is clear that /3jWj belongs to 
Kh and that {ttijv+i, . . . ,Wm} is a basis of Koh- Therefore, the solution Ch of (2.1) 
and (2.2) can be expressed as 



N M 

j=l j=N+l 

with Qa^+ 1 , . . . , Qjvt € K. In addition, it follows from (2.2) that the unknown coeffi- 
cients aj are the solution of the linear system 

M AT 

j=N+l j=l 

whose matrix is regular, since it is the Gram matrix of a basis of ICoh in the space 
{Vh, I ■ I/i,m,nh))With I • lA.m.nfc defined as in the proof of Theorem 2.1. □ 

Remark 2.2 - In many applications, one has to construct an interpolant of class 
C*, with k = 1 or 2, of a bivariate function / : II — ♦ R from the Lagrange data 
set { f{a) I o S A}. In this case, one must use finite element spaces Vh constructed 
from a generic Hermite finite element {K,Pk,Tik) of class C*' , with k' > k, and 
such that Pa C H”'[K) and m < k' + 1. Once the value of k is fixed, for reasons of 
computational cost, one typically sets k' = k and m = k + 1. 

Section VIII-3 discusses several questions about finite elements. We only mention 
here that the implementation of rectangular elements is usually considerably less 
expensive than that of triangular elements, so, from this point of view, the former 
should be preferred to the latter whenever possible. However, due to hypothesis 
(2.3), rectangular elements are only valid for giidded data and hence, for general 
interpolation problems, triangular elements are the unique choice. To overcome this 
restriction, one can attempt to introduce Lagrange multipliers (for a similar approach, 
see Section VIII-5, in particular, (VIII-5.5) and Remark VIII-5.1). But then new 
difficulties arise, tied, for example, to the condition Kh ^ 0. The problem remains 
open. □ 

Remark 2.3 - Let ft € H and assume that Kh ^ 0. One can easily prove a result 
analogous to Proposition V-2.1: 

The set 

Sh = {sh€Vh\ Viuh € Koh, (sh,tu/i)m,nh = 0} 

is a subspace of dimension N of Vh- Moreover, the restriction px of p to Sh is an 
isomorphism from Sh onto R^ and, for any /3 6 R^, ^ 7^ the Vh-discrete 

interpolating -spline relative to A and S- 

Thus, for any /3 € R^, the subspace Sh contains the Vfc-discrete interpolating D"*- 
spline relative to A and /?, and also the so-called Vh-discrete smoothing D’^-spline 
relative to A, f3 and e (cf Section 3). Hence, Sh is the space of Vh-discrete Z?’”- 
splines relative to A. □ 
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2,2. CONVERGENCE AND ERROR ESTIMATES 



Suppose we are given a set D C (0, +oo) such that 0 € D, and, for any d 6 D, a finite 
subset A'^ of N = N{d) points of verifying (II-5.1), i.e. 

sup S{x, A'^) = d 

(see the comments about this hypothesis in Section II-5). By Proposition V-4.1, we 
may assume that, for any d € D, contains a Pm-fUnisolvent subset zIq. L ikewise, 
for any d € D and for any function v defined on A'^, we write 

A= (2.4) 

In this way, we have introduced an operator which can be considered, depend- 
ing on the context, either as an element of £(//'” (fi), K-^), or as an element of 
C{H'^{Cl),R^), or, for any /i € H, as an element of £(V/,,K^). 

To study the convergence of the discrete interpolating D'^-splines, we need a hypoth- 
esis analogous to (2.3), but valid for the families (A‘*)<jgD and (V/,)hgiHi. We shall 
suppose that the set 

f = { (d, h) G D X H I the points of A^ are Lagrange nodes of Vh } 
verifies the condition 



£ is nonempty and admits (0,0) as an accumulation point. (2,5) 



We denote by M = M{h) the dimension of V/,. It is clear that, for any (d,h) G £, 
N <M. 



Lemma 2.1 - Suppose that (1.1) and (2.5) hold and that (1.6) is satisfied for 
q = m+1. Then, for any v G (fl) and for any (d, h) G £, there exists vf G Vh 

such that p’^vf^ = and that 



lim ||Uft - u|| 
(d,h)->(o.oy " ' 

(d,h)e£ 






= 0 . 



Proof - 

1) Let (d, h) G £. Let us denote by ai, . . . , ajv the points of and assume that the 
basis functions wi ,. of the space Vh are numbered so that, for i = 1, . . . , AT, 
Wi{ai) = 1. Finally, for i= 1, . . . , M, let Si and (j)i be, respectively, the support of the 
basis function Wi and its associated degree of freedom. Obviously, for i = I,. .. ,N 
and for any function v defined on A^^, one has (j>i{v) = v{ai). 

For any (d, h) G £ and any v G Ff”*+^(n), we put 

N 

= UhV -t- ^ </>t (v - Tliv)wi , 
i=l 
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where Ilh is the Clement operator introduced in (1.6) and defined in (1.10), and II<u 
is the polynomial given by (1.11) with g = m + 1. One has, by definition of 

V(d, /i) € f , Vo € A‘^, v^{a) = v{a), 



and, by (1.6), 



= 0. 



Therefore, proving the Lemma is equivalent to showing that 



litn 

(d,h)-.(0,0) 

(d,h)e£ 



N 

'^<l)i{v~Uiv)wi 

t=i 




= 0 . 



2) Let (d,h) 6 £ and i S {1,...,A1}. Taking into account that Si is star-shaped 
with respect to the point Oi, it follows from Taylor’s formula of order m with integral 
remainder that 

Vu € C'"‘+i(n), Va: e Si, u(ai) = ^ ^D^u(x){ai - a:)' 

(=0 

+ f — t)”*D'^'^^u(x + t(ai — x)){ai — dt, 
to! Jq 

where D^u denotes the Ith total derivative of u. Thus, 



Vu G Vx € Si, lw(oi)| < ^ 



(diam 5i)* 



(=0 



n 



\\D‘uix)\\ 



+ 



" f)"‘||Zl’"+i«(x + t( 0 i - x)) II dt. 



Taking the L^(5i) norms on both members of the above inequality, we have (cf. 
C. B. Morrey [108] or R. Arcangeli and J. L. Gout [16, Proposition l-l]) 

1/2 



Vm € (measSi)^'^^|u(ai)l < ^ \\i;)^u{x)\\dx^ 



(diam 

m!(m -I- 1 — n/2) 



(x)||dx 



\ 1/2 



/ 



It is well known that, for any I = 0,...,m-|-l, there exists a constant Ci, which only 
depends on I and n, such that 

Wu 6 Vx e Si, ||D'w(x)||2 < Cl ^ |a“«(x)p. 

|a|=i 



Since,fori = 1, ... ,1V, C™''^^(S'i) is a dense subspace offf’"'*'*(5t), we finally conclude 
that there exists a constant C > 0, independent of d and h, such that 

V(d, /i) € £•, Vi = 1, . . . , IV, Vu e H”^+\Si), 

m+1 

|ii(aj)| < C(meas5i)“^^^ ^ (diam5'<)*|u|i,Si. 
i=o 



(2.6) 
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3) Thanks to a result by P. Clement (cf. [47, Lemma 1]), we obtain 

3C > 0, V(d,/i) € £, Vi = Vi = 0,...,m+l, 

\/v € I« - n<n|;,s* < C'(diam5i)"*+'-'|i;U+i,s,. 

Likewise, from (1.8) it follows that 

aC > 0, V(d, h) eS, = VK efh with K c Su diam S< < CHk (2.8) 

(to verify (2.8) in the case of triangular finite elements, one can use Zlamal’s condition 
(cf. [45])). Taking u = v — IliU in (2.6), we derive from this relation, (2.7) and (2.8) 
that 

3C > 0, V(d,/i) e £, Vi = WKefh with K c Su 

Vu e |u(ai) - (ntu)(ai)| < C{rneasSi)~^^'^h'^'*'^\v\m+i,Si- 



Now, we deduce from (1.9) that 

300, V(d,/i)e£, Vi = l,...,N, \/K€%, V/ = 0,..,,m, 

Vu € |<^i(u - < C'|u(aj) - (Iliu)(ai)|(measif)^''^/i^'. 

Thus, combining (2.9) and (2.10), we get 

3C > 0, V(d, h)e£, Vi = 1, . . . ,N, VK e fh with K C Su ^ 

V/ = 0,...,m, VueH"*+i(n), \Mv -niv)wi\i,K < Ch”'+^-^\vU+i,s,. 



It is clear that 

31^1 e N, V(d, h) &£,VKefh, cardZ/r < i^i (2.12) 

where — {i & {1, ...,N} | S, D if } (in fact, can be taken as cardE/r,if 
(if, F/f, E/f) denotes the generic finite element of the family (V/i)/,gn)- Hence, 

V(d,/l) € f, Vif € fh, Vu e F'”+l(n), ^ |w|m+l,s, < l^l|^|m+l,S(K), 

ieiK 

where S{K) — Uie/K i*- follows from (2.11) that 



30 0, \f{d,h)e£, 'iKefh, VZ = 0,...,m, 



vuGF™+Hn), 



N 

'^(j)i{v - IIiu)ii;i 
i=l 



l,K 



But relations (1.8) and (2.12) imply that 

3i/ 2 e N, V(d, h) e£,'iK e %, card{ K* €Th\K* c S{K) } < i/j. 




VI - Discrete D"*-splines 



77 



We deduce that, for any v e and for any (d, h) € £, 



l^lm+l,S(A-) 

Kefn 



Y, \d°‘v(x)\^ dx 

|oi|=m+l ) 



= L I 

Kef,^ \l< 

= £ ( E W)| ( E dx<U2\v\l^^j^, 

^ \Ker„ / \|a|=m+i / 



where Xs(K) stands for the characteristic function of S(K). Therefore, 



lim 

(d,h)-.(0,0) 

ld,h)ee 



N 






i=l 



= 0 , 



m,n 



and the Lemma follows. 



□ 



To simplify notations, for any /i € H and for any function Vh € Vh, from now on we 
shall write Vh instead of n/,|n- 

Theorem 2.2 — Suppose that (II— 5.1), (1.1), (1.2), (1.5) and (2.5) hold and that 
(1.6) is satisfied for q = m + L Let f be a given function in and, for any 

{d,h)e£, let <7^ be the Vh-discrete interpolating D'^ -spline relative to and p^f. 
Th&n, 

(d,h)e£ 



Proof - 

1) We first remark that, for any (d, h) € £, exists and is unique, since contains 
^ Tm-l -unisolvent subset and, by definition of £, K,^ = {vh & Vh \ p^Vh = p^f } is 
nonempty. Likewise, by (4) and (5) in Preliminaries, there exists 

that /Ijy = /. It follows from (1.3) and (1.4) that 

l/kn, = |/kfi + o(l), ft-0. (2.14) 

2) For any (d, h) £ £, let be the function in that Lemma 2. 1 associates with / 

and let Hence, 

\/{d,h)e£, f^€fCt (2.15) 

and 

{d,h)e£ 

From (2.14) and (2.16), we deduce that 

(d,h)ee 



(2.17) 
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Likewise, by definition of and (2.15), we have 

y{d,h)e£, \4\m.n,<\fiUn,. (2.18) 

This inequality, combined with (2.15), implies that, for any {d,h) 6 5, 

< E = I/l4g,m,Q + ~ \ft,o) - 

aeA^ 

where Aq is the P^-i -unisolvent subset of ^4“^ given by Proposition V-4.1 and the 
mapping | ■ norm defined by(V-1.2) with jB = Aq. Therefore, by 

(2.17) and Proposition V-M-.l, there exists do > 0 and ho > 0 such that the family 
i^h){<i,h.)e£,d<do,h<ho bounded in Since P and HI are bounded, we may 

assume that, in fact, do = sup P and ho = sup H. 

By Corollary 1 in Preliminaries and (2.5), there exists a sequence with 

lim;_,+oo(di, ft;) = (0,0), extracted from the family (fT^)(d,h)e£) und there also exists 
an element /* g /f”*(f2) such that, as I — * +oo, 

^h, f*< weakly in i/"“(f2). 

3) We now proceed as in the proof of Theorem II-5.1. Let us first prove that /* = /. 
Let X be any point in fl. Hypothesis (II-5.1) implies that 

3(a;;)i6N) (VI 6 N, aii € A^‘) and {x = lim a;;). 

l—*+oo 

Then, taking into account that, for any I € N, = p‘^‘ /, we have 

VI 6 N, /(x) - <7^1 (x) = (/(x)-/(xi)) + (af;(xi)-<T^;(x)). 

Since is compactly imbedded into C°(H) (cf. (3) in Preliminaries), we find 

that 

lim <T^\{x) = f*{x) 

I — ►+00 ‘ 

and that 



lim /(x() = /(x). 

i — *+00 

Likewise, from Sobolev’s Holder Imbedding Theorem for the space H’”(H) (cf. (1) in 
Preliminaries), we derive 

lim (cr^;(x;)-cr^;(x)) =0. 

The conjunction of the last four relations implies that /* = /. 
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4) From (3) in Preliminaries and the weak convergence of (<T^j);gN ^ it 

follows that 

lim \\a^‘ -/|U-i,n = 0. 

I— *+oo 

On the other hand, by (2.18), we have 

VI e N, |a^; - - 2(cr^; , fU,n 

from where, taking (2.17) into account, we derive 

, lim |<7^‘ - f\m,n = 0, 

In consequence, we deduce that 

, lim - /lU.n = 0. 

t— »+oo ‘ 

5) To conclude the proof, we argue by contradiction. Assume that ||cr^ — /||m,n does 
not tend to 0 when (d,h) i— »• (0,0). Then, there exists a real number a > 0 and a 
sequence (dj, C £, convergent to (0, 0), such that 

V/ e N, \\a< - /|U,n > a. (2,19) 

But the sequence (tr^OieN is bounded. The reasoning of points 2), 3) and 4) shows that 

there exists a subsequence of (crj|i )igN which converges to / in FT"(f2), in contradiction 
with (2.19). This completes the proof. □ 

Remark 2.4 - The proof of Theorem 2.2, like that of Theorem V-4.1, does not 
really use hypothesis (II-5.1), but the condition (II-5.2), i.e. 

lim sup5(a;, A*^) = 0 

ajgfJ 



(cf. Section II-5). □ 

Remark 2.5 - When n is polyhedral, one can take Cl = Q and, for any h € H, fl/, = 
n. In this case, the proof of Theorem 2.2 can be simplified as follows. 

For any (d, h) € £, considering (V-1.4) with and instead of <7 and w and 

replacing ah and Wh in (2.2) by and <^h~ fh^ respectively, we obtain the relation 

- (rt<7h - fh)m,n =0, 

which can be written as 

{a‘^ - at ai~a‘^ + a‘^ - fh)m,n = 0, 

from which we deduce that 

\<^h - - !h\m,n < - f\m,n + \f - fhlm.a- 
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This inequality implies that 

k/1 - /|m,Q < \rri - - /|m,n 

< 2\a^ - /lm,n + 1/ - 

and then, using Proposition V^.l, Theorem V-4.1 and Lemma 2.1, we finally con- 
clude that (2.13) holds. □ 

With respect to the approximation error, it is possible to establish the following result. 
Theorem 2.3 - Under the conditions of Theorem 2.2, we have 
V/ = 0, .... m, 1/ - ai\i,a = o(d™-'), (d, h) - (0, 0). 

Proof- Cf. M. C. Lopez de Silanes and D. Apprato [98]. □ 

Let us note the remarkable fact that these error estimates are independent of h. 



3. DISCRETE SMOOTHING -SPLINES 

3. 1. DEFINITION AND PROPERTIES 

We keep the definition of A, N, p and /3 given in Subsection 2.1. Likewise, we denote 
by ( • ) (respectively by ( • , • )) the Euclidean norm (respectively, the Euclidean 
scalar product) in For any e > 0, we put 

'ivh e Vh, Jehivh) = {pVh - pf + 

Then, we call Vh-discrete smoothing D'^ -spline relative to A, /3 and £ any solution, if 
any exists, of the problem: find cteh such that 

e Vh, 

1 Vu/i G V/i, Jehi^eh) ^ Ieh{nh)' 



Theorem 3.1 - Let h e. M. Suppose that (1.1), (1.2) and (1.5) hold. Then, 
problem (3.1) admits a unique solution a eh which is also the unique solution of the 
variational problem: find cteh such that 

((Teh € 14, 

[Vuh e 14, (pcteh,pvh) + £i<Teh,Vh)mMi, = {P,pVh)- 

In addition, the discrete smoothing D”^ -spline a eh belongs to the space Sh of discrete 
D'^-splines (cf. Remark 2.3). 

Proof - Analogous to the proof of Theorem V-3.1, replacing //’"(ft) by Vh- □ 
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It is clear that (3.1) (resp. (3.2)) constitutes a discretization of (V-3.1) (resp. 
(V-3.2)). 

Remark 3.1 - Let € H, let ai , . . . , aw be the points of A, and let wi, ... ,wm be 
the basis functions of the space V/,. The solution aeh of (3.1) and (3.2) is expressed 
as 

M 

^ ' oij Wj , 
j=l 

with ,«M 6 K. Introducing the matrices 

one sees that (3.2) is equivalent to the problem: find a = {aj)i<j<M solution of 

^ ® ’ ^3 3) 

\{A'^A + sn}a = A’^p, ^ > 

where .4^ denotes the transpose matrix of A. Let us note that .4^.4+ eT?. is a positive 
definite symmetric matrix whose dimension is exactly that of the space Vh. 

We remark that problem (3.3) is just the regularized equation in the Tikhonov sense 
of the equation Aoi = 0 (cf. A. Tikhonov and V. Arsenine [138]). □ 

Remark 3.2 - Contrary to the case of discrete interpolating £)”*-splines, the compu- 
tation of discrete smoothing I)’"-splines is not constrained by a condition like (2.3). 
For n = 2, this means that rectangular elements can be systematically employed 
to construct the spaces Vh, since, as already pointed out in Remark 2.2, those ele- 
ments are preferable to triangular elements due to reasons of computational cost and 
ease of implementation. But one pays for this freedom by introducing the smoothing 
parameter e, whose value is not obvious at all. 

For a fixed /i 6 H, the choice of e can be made by trial and error, starting with a 
large value and following some strategy (progressive decrease, bisection search,...) 
until a satisfactory fitting is achieved. During this process, the matrices A and Ti 
introduced in the preceding remark remain constant, so the search for e can be made 
efficiently by incremental modifications of the linear system in (3.3). There also exist 
methods for an automatic choice of e, mainly based on statistical considerations, as 
the generalized cross validation and the generalized maximum likelihood methods (cf. 
P. Craven and G. Wahba [49], C. Gu [76], G. Wahba[149]). □ 



Remark 3.3 - Let us give a brief account of the generalized cross validation (GCV) 
method, that we shall use in the numerical examples of Part C. 

For a fixed s H, the GCV method consists in choosing the parameter e so as to 
minimize the GCV function V, defined, with the notations of Remark 3.1, by 



Vf.) = MilN-QeW 

(^tr(/w-g.)f ’ 



(3.4) 



where 7w is the identity matrix of dimension N, Qg is the so-called influence matrix, 
i.e. the N x N matrix for which = Qg/3, and tr(/w — Qe) is the 
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trace of the matrix In — Qe- It is readily seen that, in the present framework, 

Q, = AiA^A + 

In order to be able to evaluate V at a low cost, it is a common practice to replace 
the term tr{lN — Qe) by a Monte-Carlo approximant, as, for example, u^(In — Qe)u, 
where w is a single realization of a vector of N independent random variables with 
zero mean and common variance 1 (cf. D. Girard and P.-J. Laurent [70]). In our 
implementation of the GCV method, the elements of u take the values 1 and -1 
with probability 1/2, as suggested by M. F. Hutchinson [83]. This approach leads to 
minimize the function V defined by 



V(£) = 



- Qe)nf 



(3.5) 



instead of the GCV function. Let us observe that, if a and <3: are, respectively, the 
solutions of the systems {A'^A + e'R,)a = A'^ (I and {X^A -I- elV^a = A^u (which can 
be solved simultaneously), we have 



_ Ar (/3)^ - -1- a^A^Aa 

^ ^ {N - a^A'^uy 



(3.6) 



Using the above expression, the search for the optimal value of e can then be done 
by a global minimization method. □ 



3.2. CONVERGENCE AND ERROR ESTIMATES 

As in Subsection 2.2, suppose we are given a set D C (0, -l-oo) such that 0 € D, and, 
for any d € D, a finite subset of iV = N{d) points of fl verifying (II-5.1). Likewise, 
for any d € D, let be the operator defined by (2.4). 

We suppose that the families (A^)dgD and {Th)heM are linked by the relation 

3C > 0, V(d, h)&'Dxm,'iK & %, < cd~^. (3.7) 

measK 

This hypothesis translates a property of) “asymptotic regularity” of the density of the 
points of A®* over the elements K of Th. It is close to hypothesis (III-3.il), which 
concerns the global distribution of the points of over fl. In fact, (3.7) implies 
(III-3.il), since 

N = cardA”^ < ^ card(A'^ GAT) < Cd“" ^ measiT = Cd“" measfl. 

Ken Ken 

Lemma 3.1 — Suppose that (1.6), with q > n/2, and (3.7) hold. Then, there 
exists C > 0 such that 



~ ~ h'^‘1 

V(d, A) e D X M, Vu € {p‘^{nhV - v)f < C—\v 



q,n' 



where, for any h &M., 11^ denotes the operator introduced in (1.6). 
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Proof - 

1) Let /i € H and K £Th- Since K is convex, K is star-shaped with respect to any 
point a & K. Then, reasoning as in point 2) of the proof of Lemma 2.1 with q, K 
and a instead of m -H 1, Si and a{, we deduce that there exists a constant C > 0, 
independent of h, such that 

€ e, VAT 6 fh, Vo € it:, Vu e h'>{k), 

|o(o)| < C{measK)~^^^y^b}\u\i,K- ^ ^ 

;=o 



2) It is clear that, for any (d, /i) g D x HI and for any v € 

(/(n/,v - t;))^ < ^ |(nh«;-i;)(a)p 

KeTh ae>i‘‘nic 

< ^2 (card(i4‘^ n if)) max|(II/ir; — ?;)(a)p. 
Kefh 

Hence, taking u = — v)\n in (3.8), we derive that 



3(7 > 0, V(d, /») € D X e, Vv 6 if«(n), 



KeTh 



Yh'^^\^hV-v\lK. 



1=0 



This inequality, combined with (3.7), imphes that 
3C > 0, V(d, /i) g B X M, Vu € ii«(0), 

{p<^{Uhv - v)f < cd-^Yh^‘ Y 

i=0 Kefn 



We then deduce from (1.6) that 



30 0, V(d,/i)€lJx 



9 



H, Vt; g H^n), {p‘^{Uhv - v)f < Cd-'^Y^'^Kn^ 

1=0 



and the Lemma follows. □ 

Let / be a given function of H”'’ (Cl), where m' is an integer > m. We recall that, 
by Proposition V-4.1, we may assume that any set in the family (j4‘*)deD contains 
a Pm-i-unisolvent subset. Thus, for any d g B and any e > 0, the Vh-discrete 
smoothing D"*-spline relative to A'^, p^f and e, denoted by , exists and is unique. 

From now on we shall suppose that e and h are functions ofd. Therefore, one can 
consider that the family (j4‘^)dgD is first given and then one can choose e and the 
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families {'Th)hsB and (Vii)/ieiHi accordingly. More precisely, we shall assume that the 
functions e : D — > (0, +oo) and : D — » IH verify the relation 






= o(l), d 



0 , 



(3.9) 



and that (III-3.1) also holds. From (III-3.1) and (3.9), we derive that d 0 implies 
that — > 0. Let us observe that (3.9) is related to the size of the elements of 

every triangulation Th, whereas (3.7) influences their distribution in To simplify 
notations, hereafter we shall write e and h instead of e(d) and h{d). 

The following theorem constitutes a general result of convergence of discrete smooth- 
ing D^-splines. Let us remember that, for any ft € IH and for any function Vh 6 Vfe, 
we agree to write Vh instead of U/i|n. 

Theorem 3.2 - Suppose that (II-5.1), (III-3.1), (1.1), (1.2), (1.5), (3.7) and 
(3.9) hold. Ifm' > m, we also assume that (1.6) is verified for q — m', whereas, if 
m' = m, we suppose that (1.7) holds with q = m. Then, 

lim - /|U,n = 0. 

d—*0 



Proof - 

1) Let / € if”* (n) be an extension of /, whose existence is justified by (5) in Pre- 
liminaries. It follows from (1.3) and (1.4) that 

|/|m,n. = l/kn+o(l), ft^O. (3.10) 

Let (nh)/jeH be the family of operators introduced in (1.6). For any ft € H, we write 
fh = (n/j/)|fj^. Taking into account that 

Vft € H, ||//v|m,nh ~ |/|m,n(,| S \^hf ~ f\m,n’ 

we derive from (3.10), combined with (1.6), if m' > m, or (1.7), if m' = m, that 

lAIm.ft, = \f\m,Q + 0(1), ft -* 0. (3.11) 

On the other hand, by Lemma 3.1, we have 

Vd G D, - f)f < C—\f\l ^, (3.12) 

with C independent of d (and ft). Likewise, for any d e P, we deduce from the 
definition of that 

- p<^ff + < {p“h - p“ff + ■ 

The conjunction of this inequality, (3.9), (3.11) and (3.12) implies the relations 
Weh\m,nh < \f\m,a + o(l), d ^ 0, 



(3.13) 
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and 



(pV/.-/))^ = 0(e), d-.0. (3.14) 



2) Let Bo = {6oi, . . . , 6 oot} be a P^-i -unisolvent subset of fl and let ro > 0 be the 
constant of Proposition V-1.2. Obviously, there exists Vg € (0,ro] such that 



vj = i,...,an, s(6oi,r(,)cn. 

It follows from (II-5.1) that 

Vd6Dn(0,r()), Vj = C U B(a,d). 



aeA‘‘nB(boj,rg') 



Letting Nj = card(i4‘* O B(6oji fo)), we have 

Vd e D n (0, r(j), Vj = 1, . . . , an, (r(, - dr < NjcT. 

Thus, for any do € (0,ro), we get 

Vd e D n (0, do), Vj = 1, . . . , an, ATj > (r'o - do)"d-". 



Now, from (III-3.1) and (3.14), we deduce that 



Vj = 1, . . . , on, ^ - /Wl' = o(d-"), d 0. 

aeA<‘nB{boj ,r’a) 

Likewise, forany d € D fl (0, r'g) and any j = 1, . . . , an, there exists at least one point 
bj & A'^ C\ B{boj,r'o) such that 

Wthibj) - f{b^)\ = min |(T^h(o) - /(o)|. 

aeA<‘nB{boj,r'„) 

Hence, from the last three relations, we derive 

vj = 1, . . . , an, - f{b^)\ = 0 ( 1 ), d 0. (3.15) 



For any d € DO (0,rQ), let B'^ = - Applying Proposition V-1.2 with 

B = S'*, it follows from (3.13) and (3.15) that 

3C > 0, 3d* > 0, Vd € DO (0,d*], lk,^h|U,n < C, 



that is, the family ((Tj;,)dgDn(o,d*) i® bounded in H”*(f2). Therefore, by Corollary 1 
in Preliminaries, there exists a sequence (<^eX)ieN, with, forany / € N, ej = e(d(), 
hi = h{di) and 



lim di = lim dfej = lim = 0, 



i—+4-oo 



l—*+oo 



i-*+oo dfei 



extracted from the family (<7j;,)dei)n(0,(i*)) nnd there also exists an element /* € 
ff’”(f2) such that, as I — * -boo. 



<T 



di 

eihi 



/*, weakly in P'"(0). 



(3.16) 
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3) We shall prove that /* = /, arguing by contradiction. Suppose that /* ^ /. 
Then, taking into account that is continuously imbedded into C°(n) (cf. (3) 

in Preliminaries), there exists a nonempty open set O contained in fl and a real 
number a > 0 such that 



Vx 6 0, \f*{x) - f{x)\ > a. 

In fact, is compactly imbedded into C°(f2). Hence, we deduce from (3.16) 

that the sequence converges uniformly over to /*, and so there exists 

/o € N such that 

V/ 6 N, ( > lo, Vi € O, \<T^lhM) - r{x)\ < a/2. 

Thus, for any I > Iq, we have 

Vi 6 O, - /(i)| > |/*(i) - /(i)| - - r{x)\ > a/2. (3.17) 



Now, a reasoning analogous to that in point 2) shows that, for any I € N sufficiently 
large, there exists one point 6“^' 6 A‘^‘ fl O such that 

which contradicts (3.17). Therefore, /* = /. 

4) Let us prove that 

lirn ll<%-/l|m,n=0. (3.18) 

For any ( g N, it is clear that 

“ f\m,n — kej'hjm.n + l/lm,n ~ 

Then, from (3.13) and the weak convergence of (o'£,‘h,)igN to / in /T”(H), it follows 
that 

On the other hand, the compact imbedding of into (cf. (2) in 

Preliminaries) and (3.16) imply that / is the strong limit of (cr ,\),£N in 
We deduce that (3.18) holds. 



5) We conclude the proof reasoning again by contradiction. Assume that, under the 
hypotheses of the Theorem, — /||m,fl does not tend to 0 when d — » 0. Then, 
there exists q > 0 and three sequences (dj);gN C D, (£j)ieN nnd (/i;)igN, with, for any 
leN,e\= e{d[), h[ = h{d\) and 



lim d'l = lim (d;)"£/ = , 

l—*+oo /— + 4-00 I- 



lim 

-♦ 4-00 



K)"^; ^ 



= 0 , 



verifying 

V/ e N, - /|U,n > a. (3.19) 

d/ 

But the sequence (<tg/^,);gN is bounded in H"*(H). A similar argument to that of 

points 1), 2), 3) and 4) proves that there exists a subsequence of (o'^‘y)teN which 
converges to / in iT”*(f2), in contradiction with (3.19). The Theorem follows. □ 
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Remark 3.4 - Theorem 3.2 can be formulated in a more general way. Suppose 
that (II-5.1), (1.1), (1.2), (1.5) and (3.7) hold. If m' > m, assume also that (1.6) 
is verified with q = m' , whereas, if m! — m, suppose that (1.7) holds with q = m. 
Then, the V/i-discrete smoothing D"*-spline <7^^ relative to p'^f and e converges 
to / in through the filter basis B ~ { Bapy | q > 0, 13 > 0, 7 > 0}, with 

Bap-i = { (d,e,/i) 6 D X (0, +00) X IH | d < a, d^e < / 3 , /{(Pe) < 7}. □ 

We can also obtain estimates of the approximation error by discrete smoothing D”*- 
splines. The reader is referred to M. C. Lopez de Silanes and D. Apprato [98] for the 
corresponding proofs, analogous to those of Corollary III-4.1 and Theorem III-4.2. 

Theorem 3.3 - Under the conditions of Theorem 3.2, we have 

V/ = 0, . . . ,m, 1/ - c7^Jt,n = + 0 (<f ^ ^ 0. 

Theorem 3.4 - Under the conditions of Theorem 3.2, if (V-4.1) holds, then, 
when d — * 0, we have 

(i) Vl = 0,...,m-1, = 

(ii) \f - == 0 ( 1 ). 

Let us note that, as in the case of discrete interpolating £)™-splines, the above error 
estimates are independent of h. 

Remark 3.5 - There also exist results about convergence and error estimates of 
smoothing D"* -splines in the case of noisy data. Although not mentioned in Chap- 
ter V, Theorems III-5.1 and III-5.2 can be extended to smoothing D^-splines over 
a bounded domain (cf. M. C. Lopez de Silanes, D. Apprato and R. Arcangeli [99]). 
Unfortunately, for discrete smoothing D"*-splines, we are able to proof only the coun- 
terpart of Theorem III-5.1. In the case of data perturbed by a white noise, the 
problem of convergence remains open. □ 

Remark 3.6 - We have cited in Remark 3.2 some practical methods to set the value 
of the smoothing parameter e. From a theoretical point of view, the choice of e should 
conform with (III-3.1) and also, if error estimates are desired to hold, with (V-4.1) 
(cf. Theorems 3.2 and 3.4). These hypotheses imply the existence of two positive 
constants C and C* such that, for any d € D sufficiently small, < e < C*d~". 

Hence, as d 0, £ can either remain between 0 and -boo, or tend to 0, or even tend 
to -boo, but, in the latter two cases, not too fast. □ 

Remark 3.7 - It is clear that, for any d 6 D, the choice of the parameter h must 
be done prior to the choice of £ (given a data set, one first fixes the finite element 
space and then finds a suitable value of the smoothing parameter). In practice, since 
£ and h are tied by (3.9), it is necessary to replace this condition by another that only 
involves d and h. To this end, let us assume that all the hypotheses of Theorem 3.2 
(except (3.9)) hold and that, in addition, (V-4.1) and the “inverse assumption” (cf. 
P. G. Ciarlet [45]), i.e. 

3i/ > 0, V/i G E, Vir G fh, A < 

hK 



(3.20) 
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are satisfied. It follows from (II-5.1), (1.8) (implicitly assumed by (1.6) and (1.7)) 
and (3.20) that there exists a constant C > 0 such that 



We. 






<C 



El 



1/n 



Therefore, using (V-4.1), we conclude that a sufficient condition for (3.9) to hold is 



that 



M"*' 



= o(l), d 



0 . 



(3.21) 



This fact has a remarkable consequence, which becomes essential in those applications 
where N is large: if m! > m, the approximation of a function f G (fl) by 

discrete smoothing -splines can be performed in a space Vh whose dimension M 
is much lower than the number N of data points. To see this, it suffices to take M in 
(3.21) such that < M < N, with M close to jV”*/'"', and observe that, since 

lim(i_,ofV = +00 (cf. Remark III-3.1), the quantity is much smaller than N 

as d — > 0. 

Let us consider an example. Suppose that n = 2 and that the finite element spaces Vh 
have been constructed from the Bogner-Fox-Schmit rectangle of class (cf. Section 
VIII-3). The conditions m > n/2 and (1.1) imply that necessarily m = 2. Likewise, 
from the conditions m' > m and (1.6) (which should hold with q = m'), we deduce 
that m' = 3 or 4. If At = 10®, for example, then At”*/"*' = 10000 or 1000, respectively. 
Thus, to fit a function in Ff”* (fi), we can use a space Vh with a dimension M clearly 
smaller than N. □ 
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UNIVARIATE D^-SPLINES' 



1. Chara cteriza tion and explicit form 

Let us consider again the framework introduced in Chapter V, but restricted to di- 
mension n = 1. Hence, the notations m, f2 and A stand here, respectively, for a 
positive integer, a bounded open interval (o,6) ofR, and an ordered set of N distinct 
points of n = [a, 6] which contains a -unisolvent subset. Since dimP^-i = tn, 
this condition on A is equivalent to the inequality N > m. 

For convenience, we denote by x\,. .. the points of A and we assume that they 
are numbered in increasing order, i.e. xi < X 2 < ••• < x^-i < xn. Likewise, we 
consider again the linear continuous operator p : given by 

pu= (u(Xi))j<,<^, (1.1) 

as well as the vector subspace 

K.o = {v€H"'(n)\pv = 0}. 

In this situation, it is clear that all the results of Chapter V are valid. For example, 
given 0 € there exists one and only one interpolating £)"*-spline over relative 
to A and 0 (cf. Theorem V-1.1). Analogously, given 0 6 R^ and £ > 0, by Theorem 
V-3.1, there exists a unique smoothing D"‘-spline over Q relative to A, 0 and £. 

Let us turn our attention to the space S of £)”*-splines over relative to A, defined 
in Section V-2 by 



S = { s € I Vw € ICo, {s, w)m.n = 0 }. 

In the univariate case, the elements of S can be explicitly expressed in terms of a finite 
number of known functions. In fact, any £)™-spline over is a piecewise polynomial 
function of degree 2Tn — 1. For simplicity, we prove this statement under the condition 
A C n, which can be easily removed, as shown later, for m — 2, m Subsection 3.1. 

Theorem 1.1 - Suppose that A C $1 (i.e. a < X\ and Xn < b). Then, a function 
s G H'^{Q) belongs to S if and only if the following four conditions are fulfilled: 



s G C2™-2(n), (1.2) 

Vi = 1, . . . ,iV - 1, s G P 2 m-i((a;i,Xi+i)), (1.3) 

s € Pm-i((a,a:i)), (1.4) 

s e Pm-i{{xN,h)). (1.5) 

*Cf. [2], [33], [74], [88], [120], [128], [129]. 
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Moreover, a belongs to S if and only if there exist unique vectors (aoj • • • >ctm-i) € 
and (di, . . . ,dw) S such that 



m-l N /^__N2m-I 

fx € n, s{x) = ^ akx'‘ + ^di ’ + (1,6) 

fc=o i=i 

and 

N 

VA; = 0,...,m-l, ^d<a;'' = 0, (1.7) 

i=l 

where, for any i = I, . , , , N , {x — Xi)+ = x — Xi, if x > Xi, and 0, otherwise. 

Proof - First, let us remark that C^™“^(n) C C"*~^(f2), since 2m— 2 > m— 1. Then 
it follows that conditions (1.2), (1.3), (1.4) and (1.5) define a suhspace of /f'"(Q). This 
justifies the formulation of the Theorem . 

From now on, we shall write xo — a and a;iv+i — b. 

1) Suppose that a E S and let us prove that (1.2), (1.3), (1.4) and (1.5) hold. 

Let i g {0, ...,A/^}. It is clear that any function if in T>{il) having its support in 
(xi,Xi+i) belongs to /Co and hence, by definition of S, (s,v?)m,n = 0. But 

= (5, ¥^)m, = (-1)’"(S<2™),^), 

where ( ■ , • ) denotes here the duality between P'((a;t,a;i+i)) and ’D[{xi,Xi+i)). It 
follows that 

s(2’")=0in V'{{xuXi+i)). 

Since {xi,Xi+i) is connected, we deduce that 

SEP2 m — 1 ((Xj, Xi+i)) . 



This proves (1.3) and also that 

s e P 2 m-i((a,a;i)) and a g P 2 m-i((a;N,fe)). (1.8) 

Now, by Theorem V-2.1, we have S C C^"*“^(ft). This relation, together with (1.8), 
yields (1.2). 

To prove (1.4), let us consider any function ip g D(f2) with support in [a,xi). Obvi- 
ously, belongs to /Co. Hence, taking account of (1.8) and integrating by parts, we 
get 



0 = (s,¥’)m,n = (s,¥’)m,(a,ct;i) = / 8^^'^ (x)p>^'^'^ {x) dx 

Ja 

m— 1 m— 1 

(=0 j=0 
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Since, for any j = 0, . . . , m — 1, we can choose ip so that ip^^\a) / 0 and 
VA: = 0, . . . ,m - I, k ^ j, = 0, 

we deduce that 

VI = m, ... ,2m — 1, s^‘\a) = 0, 

which implies (1.4). A similar reasoning on shows that (1.5) also holds. 

2) Conversely, let us prove that, if s verifies (1.2), (1.3), (1.4) and (1.5), then s E S. 

First, since 2m — 2 > m — 1, hy (1.2), s belongs to Then, it follows from 

(1.3), (1.4) and (1.5) that s € //"“(n). It remains to prove that, for any v E ICo, 
{s,v)m,a = 0 . 

Now, for any v E ICo, we have 



(5, 




dx, 



where, for i = Q,...,N, Si = s|(a;j ,*(+!)• Integrating hy parts, which is justified, 
since, for i = 0, . . . , IV and I = 0, . . . ,m, is integrable on (xj, Xj+i) and 

is absolutely continuous, and taking into account that, by (1.3), (1.4) and (1.5), 
^( 2 m) _ deduce that, for any m > 2 (for m = 1 the result is simplified) 

N m-2 
i = 0^=0 

i=0 

It follows from (1.2) and the continuous imbedding of into that, for I = 

0, . . . , m — 2 , is continuous on fi. Taking (1.4) and (1.5) into account, 

we conclude that the first term on the right-hand side of (1.9) is null. The second 
term also vanishes, since v E /Co, = 0 and = 0. Therefore, 

(s, v)m,Q 0. 

3) Let us now assume that there exist unique vectors (ao, ■ • ■ , Qm-i) S K"* and 
{d\, . . . tdiij) € such that (1.6) and (1.7) hold. We have to see that s E S. 

It is clear that (1.2) holds, since s is, by (1.6), a linear combination of functions 
in Likewise, it is a straightforward consequence of (1.6) that (1.3) and 

(1.4) are satisfied. Finally, if we denote by siv the polynomial function over K which 
coincides with s over (xN,b), it follows from (1.6) and (1.7) that 



VI = m, ... ,2m - I, (0) 



N 



Vn!- 

(2m-l-0!-^ " 



,2m— /—I 



= 0, 



which implies (1.5). Therefore, by the first part of the Theorem, s belongs to S. 
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4) Finally, let us prove the converse of the relation established in 3). We suppose that 
s e 5, or equivalently, that (1.2), (1.3), (1.4) and (1.5) are satisfied. 

For i — 0,. . . , N, let Sj be the polynomial function over R which coincides with s over 
(xi,Xi+i). By (1.4), there exists a unique vector (qq, . . . € R™, such that 

m — 1 

Vx € R, so(a;) = ^ akx'^. 

k=Q 



Likewise, for i = 1, . . . , AT, let 

(i.e. djis the jump of the point x,). On the one hand, it is clear that 

Vi = l,...,N, + di. 

On the other hand, it follows from (1.2) that 

V* = 1, . . . , A^, VI = 0,. . . ,2m - 2, s-‘\xi) = 

Since Taylor’s Formula shows that, for i = 1,. . ,,N and for any a; € R, 



2 m — 1 ~(0 



Si^i(x) = ^ ■ ( x-XiY and Si ( x ) = ^ ^‘~^^ ( x - Xi )‘, 



2 m - 1 .(() 






1=0 



I! 



1=0 



l\ 



we deduce that 



Vi = 1, . . . , W, Vx € R, Si(x) = St_i(x) + d, 



{x - Xj) 



2 m — 1 



(2m -1)! ■ 



By recurrence, we obtain 



m — 1 i 

Vi = 1, . . . , A^, Vx € [xi,xi+i],s(x) = Si(x) = ^ a^x'' + 

fc=0 j=l 



(x — Xj)^"‘ ^ 
(2m -1)! ’ 



from which we derive (1.6). The relation (1.5) implies that, for I = m,. .. ,2m — 1, 
sj^^(O) = 0, and so we get (1.7). Finally, the coefficients di, . , . ,djv are unique, since 
they are necessarily the jumps of at the points xi, ..., xat. □ 

Remark 1.1 - The space of piecewise polynomial functions over fl that satisfy (1.2), 
(1.3), (1.4) and (1.5) is usually called the space of natural polynomial splines of order 
2m with simple knots Xi, . . . , Xjv (cf. L. L. Schumaker [129, Section 8.2]). Theorem 1.1 
shows that this space is, in fact, the space S of i9"*-splines over relative to A. □ 

Remark 1.2 - Let S be the space of £)’”-splines over R (i.e. (m, 0)-splines) relative 
to A. We can show that s € belongs to S if and only if 

s e C^™-2(R), 

V2=1,...,A^ — 1, 56 F^2m— I ((2^t) )) j 

S e Pm-l((-00,Xi)) and S e Pm~l{{XN,+Oo))- 



( 1 . 10 ) 

( 1 . 11 ) 

( 1 . 12 ) 
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The key to the proof of this result is to identify, using Plancherel’s Theorem (cf. 
K. Yosida [151, p. 153]), the space and its semi-norm | • |m,o with the space 
{n € X>' 1 e and the usual semi-norm | • |^,r. Then one reasons in a way 
similar to that of points 1) and 2) in the proof of Theorem 1.1. Let us observe that 
(1.10) is a consequence of Corollary II-2.1. Likewise, given s e S, (1.12) follows 
from the condition s e and the fact that 5 is a polynomial of degree 2m - 1 in 
(- 00 , xi) and (xjv,+oo). 

The above result, combined with Theorem 1.1, immediately implies that tbe space S 
of £)’"-splines over relative to A is just the space of restrictions to Q. of the elements 
of S. □ 



2. COMPUTATION OF D^-SPLINES 



We keep the notations of Section 1 and we assume that Acil. 

Let p = g . By Theorem 1.1, the interpolating D"‘-spline uover fl 

relative to A and ^ can be written as 

JV / \2m-l 

k=0 i=l ' ' 

with d\,...,ds satisfying (1.7). The unknown N Am coefficients qq, . . . , ctm-i and 
di,...,dN can be determined imposing the interpolation conditions 

Vi = l,...,lV, a{xi) = fii. 



This leads to the linear system 

akXj=pj, j = l,...,N, 

( 2 . 1 ) 

n — 1. 

Let G be the coefficient matrix of this linear system. We remark that, contrary to 
the matrix of the system (II^.l), G is not symmetric. 

Theorem 2.1 - The matrix G is regular. 






+ E 



^ (Xj - ^ ^ 

. , (2m - 1)! 

i=t ' ’ k=0 

N 

Y^dix'l=0, fc = 0,...,T 



Proof - Let us prove that the homogeneous system associated with (2.1) admits 
only the null solution. We suppose that {d[, . . . ,d*f^,ao,a {, . . . is a solution 

of (2.1) for 0 = 0, and we denote by u the function defined over by 



m—1 



N 



= E +E‘^* 



fc =0 



t=r 



(x - 

(2m -1)! ' 
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It is clear that pu = 0 and that, by Theorem 1.1, u belongs to S. Since the null 
function over also belongs to S and satisfies the same interpolation conditions as 
ti, Proposition V-2. 1 implies that u is the null function. The uniqueness of the vec- 
tors (ao, . . . , Qm-i) and (di, . . . , djv) corresponding to u, established in Theorem 1.1, 
implies that ag == aj = • • ■ = = d* = • • ■ = = 0. □ 

Given £ > 0, let be the smoothing D"‘-spline over f2 relative to A, f3 and e. We 
recall that <jc verifies the variational equation (V-3.2) and belongs to S, so it can be 
expressed, like cr, as 



m— 1 



ae{x) = akx'^ + 



k=0 



i=l 



{x-Xi)l^-^ 
(2m - 1)! 



with di,...,djv satisfying (1.7). 

For any j = 1, . . . , TV, let <pj be a function in X>(fl) such that <Pj{xj) = 1 and, for any 

i = 1 TV, with i ^ j, <Pj{xi) = 0 (cf. the proof of Theorem V-1.1). Taking v = tpj 

in (V-3.2), we derive 

Vj = 1, . . . , TV, aeixj) + (-1)"£(<7(2-), ^ 

where ( • , • ) denotes the duality between and But, from the expression 

of CTf, it follows that 

N 

^(2m) in 

1=1 

Hence, we have 

Vj = 1, . . . , Ai, ae{xj) + i-l)^edj = 0j. 

This relation, together with (1.7), yields the following linear system, which provides 
the N + m unknown coefficients of : 



akXj=0j, j = l,...,N, 

( 2 . 2 ) 



Let us note that the matrix of (2.2) is deduced from the matrix G of the linear 
system (2.1), corresponding to the interpolating spline, by the relation 

G, = G -t- (-l)”*£j, 

where J is obtained from the identity matrix of order N + m replacing the last m 
diagonal terms by 0. 

Theorem 2.2 - For any e > 0, the matrix is regular. 



N 

Y^d’iXi—O, k = 0,...,m-l. 



2m — 1 



m— 1 
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Proof - Let us prove that the homogeneous system associated with (2.2) admits only 
the null solution. To this end, let us suppose that (d* , . . . , , Og , aj , . , . , j ) is a 

solution of (2.2) for = 0, and we denote by u the function defined over Q, by 



m— 1 



N 






fe =0 



i=l 



(2m -1)! ■ 



Let us observe that, for j = 1, . . . , AI, 



(-l)’"ed; +u(a:j) = (-l)'"ed; + 






(2m — 1)! 



m— 1 

+ E 

fc =0 



(2.3) 



Now, by Theorem 1.1, u belongs to S. From (V-2.1), (V-2.3) and the expression of 
u, it follows that 



N 

\/v € H’"(n), iu,v)m,n = Y^(-ird*v(xj). 

This relation, combined with (2.3), implies that 

N N 

Wv € i/”*(n), '^u(xj)v(xj) + s(u,v)m,n = E(“(^t) + = 0> 

j=i j=i 

i.e. u is the solution of (V-3.2) with P ~0. We conclude, as in the previous theorem, 
that u = 0 and, therefore, that aj = aj = . . . = ocm-i = dj = . . . = dj^ = 0. □ 

For the numerical computation of interpolating or smoothing univariate U^-splines, 
there exists specialized software that implements more powerful algorithms than those 
based on the direct resolution of systems (2.1) or (2.2), which generally present ill- 
conditioned matrices. One has to resort to the piecewise polynomial form of the 
Z)’”-splines or use basis oiB- splines (cf. Section 3 for a brief account on this subject). 



3. Cubic SPLINES 

It is possible to define £)”*-splines satisfying conditions more general than those which 
have been considered in the two preceding sections: Lagrange conditions on f2, Her- 
mite or Fourier conditions, conditions defined by local mean values, etc. On the other 
hand, in order to derive fast, robust algorithms for the computation and evaluation 
of D^-splines, one can use basis of the space S composed by D"*-splines having a 
local support, called fi-splines. We shall content ourselves with giving a notion of 
these questions in a simple example, that of U^-splines, or cubic splines, over Cl. For 
a more general study, one can consult P.-J. Laurent [88] and L. L. Schumaker [129], 
among others. 
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3.1. Natural cubic splines 

In the preceding sections, we have supposed that the set A = {a;i}i<i<M of interpo- 
lation points, with xi < • • • < xn> is contained in the interval H = (fl, 6), i e- a < Xi 
and xjv < b. This restriction has been imposed only for the sake of simplicity. In fact, 
the theory of D"*-splines has been developed in Chapter V under the more general 
condition y4 C fi. We next show, for m = 2, how to extend the first part of Theo- 
rem 1.1, covering also the cases a = x\ and xn < b, a < Xi and x^ — b, and a — Xi 
and xn = b. 

Theorem 3.1 — Let v{a) = 1, if a < X\, or 2,ifa — x\.Let u{b) = N, if xn < b, 
or N - 1, if Xfif — b. Then, a function s € belongs to S if and only if the 



following conditions are fulfilled: 

s e <72(0), (3.1) 

Vi = i/(a),...,!^(6)-l, s G P3((a:i,a:i-i-i)), (3.2) 

S G P 3 ((<t, iTi/(a))) tltld S G ((^i/((>) ) ^)) ) (3-3) 

s"{xi) = s''(xjv) = 0, (3.4) 

s'"(x]")=0, ifa<xi, and = 0, ifxN<b. (3.5) 



Proof - 

1) Suppose that s € S. Reasoning as in point 1) of the proof of Theorem 1.1, we 
easily see that (3.1), (3.2) and (3.3) hold. 

Now, let be a function in V{fl) with support in [a, a;,^(a)). Taking account of (3.3) 
and integrating by parts, we get 

r^w{a) 

{s,(f)2,n= / s"{x)ip”{x)dx 

J a 

= [s"(a;)<^'(a;)]^"‘“^ - [s'"(x)y)(a;)]®''‘“' = -s"(a)t^'(a) + s"'(a)v5(a). 

We can choose ip so as (p{a) = 0 and ip'{a) 0. Then, (s, 1 / 3 ) 2 , n = 0, since ip € /Cq, 
and hence s"(a) = 0. If a = Xi, we obviously have s"(xi) = 0. If a < xi, we can also 
take (p such that p(a) 7 ^ 0 and ip'(a) = 0. Once again, ip G /Co, and so s'"(a) = 0. 
Since s"(a) ~ s'"(a) = 0, by (3.3), s|(o,xi) is a polynomial of degree 1. Therefore, 
s"(xi) = s"'(xf) = 0. Using similar arguments in the interval (x,,(h),b), wefinally 
conclude that (3.4) and (3.5) are satisfied. 

2) Assume that (3.1)-(3.5) hold. Now, for any v € /Co, integrating by parts, we have 

(s,n) 2 ,fi =[s"(x)«'(x) - s"'(x)ti(x)]“'''“’ 

1 /( 6 )-! 

+ 51 [s"(a:K(a:)-s"'(x)i;(x)]^‘'*'‘+ [s"(x)t;'(x) - s"'(x)t;(x)]^^^^^. 



Since s"t>'is continuous on fland v G /Co, we get 

(s,f) 2 ,n = -s''(a)v'(a) + s"'(a)v(a) + s"(b)v'(b) - s"'(b)v(b). 
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If a < xi, the relations (3.3), (3.4) and (3.5) imply that s"{a) = s'" {a) = 0. If a = xi, 
then s"{a) = 0 and v(a) = 0. Hence, the first two terms on the right-hand side of 
the above relation are null. The last two terms also vanish for similar reasons. We 
conclude that s £ S. □ 

3.2. Clamped cubic splines 

The operator p defined in (1.1) only contains Lagrange interpolation conditions. In 
many circumstances, one may be interested in introducing additional conditions, for 
example, of Hermite type. To fix ideas, suppose we are given an interval 0 = (a, b) 
and a finite set A = {xj}i<i<Ar such that a = xi < ■ ■ ■ < xn = b. We now define the 
operator p : H^{Q) —* by 



pv= {v'{xi),v{xi),. . . ,v(xn),v'{xn))- (3.6) 

Let us observe that p is well defined, since (7^(11). In comparison with 

(1.1), the expression of p includes here two first order Hermite conditions at the end 
points of n. 

With the new operator p in hand, one can consider again the interpolation and 
smoothing problems posed in Chapter V. Given /3 = S 

we introduce, as usual, the affine linear variety 

IC={veH^{Q)\pv = 0} 

as well as the associated vector subspace 

/Co = {u€H2(H)|pu = 0}. 

Then, one easily sees that problem (V-1.1), with m = 2, has one and only one 
solution (T, called interpolating £)*-spline over 0 relative to p and /3 and equivalently 
characterized by (V-1.4). Likewise, given 0 € R^+^ and e > 0, problem (V-3.1) 
admits a unique solution which also satisfies the variational equation (V-3.2). 
The function is called smoothing £)^-spline over H relative to p, 0 and e. 

Proposition V-2. 1 can be easily modified to cope with this new framework. Hence, 
one proves that the set 

S={5€H2(H)|Vw€/Co, (s,w)2,fi=0} 

is a subspace of dimension iV -i- 2 of In addition, the restriction p± of p 

to S is an isomorphism from S onto and, for any 0 S pj_^(0) is the 

interpolating D^-spline relative to p and 0. The space S also contains any smoothing 
D^-spline and so S is known as the space of -splines relative to p. In the literature, 
S is dso referred as the space of clamped cubic splines. Reasoning as in the proof of 
Theorem 3.1, one proves that 

S is the space of functions s of class on H such that, for i = 

1 , . . . , N 1, 5 € P^ ((a.i) • 



(3.7) 




98 



Multidimensional Minimizing Splines 



3.3. The basis of cubic b-splines 

We keep the notations of the preceding subsection. It follows from (3.7) that any 
clamped cubic spline can be expressed as a piecewise polynomial function of degree 3. 
This may be convenient in some situations. But it turns out that, in many computa- 
tional applications, it is preferable to write s as a linear combination of a basis of S. 
In this way, for example, one only needs to save the N + 2 corresponding coefficients in 
order to store s in a computer. This compares favourably with the 4(N - 1 ) memory 
positions required by the piecewise polynomial representation. 

The most widely used basis of S is, of course, that of normalized cubic B-splines, 
which, for simplicity, we present here only in the case of equally spaced nodes. 

In addition to the points a; i, ... ,a : at in A, we introduce six supplementary nodes Xi, 
with i 6 {—2, —1, 0, iV-l- l,.iV + 2, iV + 3}, and we assume that, for i = —2, . . . , + 3, 

Xi = a + {i- l)h, where h = {b- a)/{N — 1). For j = 0, . . . , Af + 1, let be the real 

function defined over R by 

with AT : R — > R given by 

'(a; -I- 2)3, -2<x<-l, 

4 — 6x^ — 3x3, — 1 < a; < 0, 

A/’(x) = - 4 — 6x3 ^ 32,3^ 0 < X < 1, 

(2 — x)3, 1 < a; < 2, 

0, otherwise. 

For any f = 0, . . . , iV + 1, it can be verified without difficulty that 

M € c3(r), 

2/3, j = i, 

Miixj) = - 1/6, j = i±l, 

0, otherwise, 

and 

M'(xj) = 0, i/lixi+i) = (3.10) 

For a = 0, . . . , iV + 1, we denote by A/i the restriction of A/i to Q,. 

Theorem 3.2 — The set {A/o, . .. ,A/at+i} w a basis of the space S of clamped 
cubic splines. 

Proof - 

1) For i = 0, . . . , A'’ -1- 1, it is clear that, by (3.8), A/) belongs to C3(fl) and that, 
for i -1,M is, by definition, a polynomial of degree 3 on every interval 



(3.8) 

(3.9) 
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(xj,Xj+i) (in fact, the null polynomial if j < i — 2 or j > i + 2). If follows from (3.7) 
that A/'t belongs to S. 

2) Taking the preceding point into account, the set {A/’o, . . . , A/)v+i} is a basis of S if 
and only if 

JV+l 

Vs 6 S, 31 (ao, . . . , aw+i) € s = ^ OiK- (3.11) 

t=0 

We have mentioned before that Proposition V-2.1 can be modified to show that the 
restriction p± of the operator p to 5 is an isomorphism from S onto Thus, 

instead of (3.11), we can prove that 



V/3 e 



31 (ao, . . . ,aA^+i) € 



P 







But, writing a — (qq, . . . , q/^+i) and using (3.9) and (3.10), this amounts to seeing 
that, for any j3 e the matrix equation ,4a = /?, with 



/-3/h 0 3//i 0 

14 10 

0 14 1 




0 0 

V 0 0 



•1 



4 10 

1 4 1 

-3/h 0 3/hj 



has a unique solution, which, in turn, is equivalent to verifying that det>l ^ 0. To do 
this, we add the first column to the third and the (N + 2)th column to the A^th one. 
After developing the resulting determinant by the first row and then by the last one, 
we get det A = — A/(4/i^), where A is the determinant of a strictly dominant diagonal 
(and so regular) matrix. Therefore, det>l ^ 0. This completes the proof. □ 



Normalized B-splines enjoy many properties that make them so interesting from a 
computational point of view (positivity, local support of minimal length, partition of 
unity, recursion formulae,...). The theory ofB-splines is generalized (in dimension 1) 
to the case of B-splines of arbitrary degree, but only the B-splines of odd degree are 
also D"*-splines (cf. P. M. Prenter [120] or L. L. Schumaker [129], for instance). 



4. TENSOR PRODUCT OF UNIVARIATE D^-SPLINES 

We conclude this chapter by giving a brief idea of the interpolation by tensor product 
of univariate £)'"-splines. 

Let us consider an open rectangle Q, ~ {a,b) x (c, d) and two sets X = {x\, . . . ,xk} 
and Y = {j/i, . • . , 2/z,} such that 

a = xi < X 2 < ■ ■ ■ < XK = b and c = y\ < < • ■ ■ < vl = d. 
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Given a real matrix /3 = {/3ij)i<i<K,i<j<L, we can pose the problem of finding a 
function ct, defined on Cl, such that 



Vi = Vi = 1,...,L, a{xi,yj) = (iij. (4.1) 



Of course, there exist many different solutions to this problem, but one of them can 
be easily obtained as follows. 

Let {ifi I 1 < i < K} be the set of basis D™-splines over (a, 6) relative to X (i.e. 
for i = I, ... ,K, (fii is the interpolating D^-spline relative to X and the ith element 
of the canonical basis of M^). Likewise, let {ipj | 1 < j < L} be the set of basis 
L>'"-8plines over (c, d) relative to Y. Then, it suffices to define a as 



K L 
i=i j=i 



where tpi ® ipj denotes the tensor product of ipi and tl)j . It is clear that a satisfies the 
interpolation conditions (4.1). 

The function a has good properties. It belongs to Moreover, although 

nothing seemed to indicate that ct is a spline function associated with a minimization 
problem in a Hilbert space, this is certainly so (cf. D. Apprato [5]). 



When m = 2, we remark that, according to Theorem 3.1, the functions v in the 
interpolation space (i.e. the space spanned by {(fii S) ipj}i<i<K,i<j<L) verify the 
relations 



Vy e {c,d), 



d^v d^v 

— ia,y) = —^{b,y)=0 



and 



Va; e {a,b), ^{x,c) = ^{x,d) = 0. 



This type of interpolation is used in practice when (imperatively) 17 is a rectangle 
and the set of interpolation points is formed by the vertices of a rectangular mesh. 
However, in the smoothing case, that we shall not consider here, there only remains 
the condition over 17. 




PART C 

APPLICA TIONS OF 
DISCRETE D^-SPLINES 




INTRODUCTION 



The problems studied in this part of the book mainly arise in oil research and in- 
volve disciplines such as Geophysics and Geology. In every case, the question is to 
construct, from a set of data of the corresponding function, a regular (explicit or 
possibly parametric) surface, i.e. a surface of class or Cf^. This set may be made 
up, either of a large number N of point values of the function and, eventually, of its 
first derivatives, or of an infinity of such values at points continuously distributed on 
curves or open subsets of Sometimes these surfaces present discontinuities, e.g. 
the faulted surfaces in Geophysics. 

From the numerical point of view, one cannot use interpolation methods, even if any 
exist, because they are too expensive. In the case of a finite set of N data, for example, 
interpolation methods involve processes, such as construction of triangulations or 
solution of linear systems, that are of order greater than N, generally, and N is 
supposed to be large. For the same reason, one cannot consider interpolating or 
smoothing (rn, s)-splines, which both lead to linear systems of order JV-f 1)/2. 

The method of discrete ZJ^-splines is worth using on two accounts: flexibility of 
modelling and cost-in-use. As will be seen, the theory of Chapter VI fits easily to the 
situation of Chapters Vlll-Xl. It also fits to the case of parametric surfaces, treated 
in Chapter Xll. On the other hand, the nature of discrete smoothing D”^- splines 
allows us to disconnect the number M of degrees of freedom of the approximant from 
the number N of data, which enables us to choose M much smaller than N. 




Chapter vill 



CONSTRUCTION OF EXPLICIT SURFACES 

FROM LARGE DATA SETS + 



I. FORMULATION OF THE PROBLEM 

We consider the following classical problem: 

given a bounded open subset f2 of a set A of distinct points 

of n and the set of values { /(a) | o 6 A } of an unknown function ^ 

/ : n - E, construct an appointmaent <j>of f belonging to 
with fe = 1 or 2. 

In geometric language, the problem consists in finding a smooth approximating surface 
of the explicit surface z = /(x, y) from the set of points { (a, /(a)) | a 6 A }. 

We add some constraints to problem (1.1). We suppose that is an open set with 
a Lipschitz-continuous boundary (cf. Preliminaries) and that / belongs to iiT” (11) 
for some m! > 2, assumptions which imply that / is at least of class (7° on fl. 
Furthermore, we suppose that N is “large” (about several thousands, for example). 
These conditions are actually imposed in various problems occurring particularly in 
Geophysics and Geology. For different reasons, of cost specially, we want the approx- 
imant ^ to depend on a small number M of degrees of freedom. 

Many methods to solve problem (1.1) have been developed over the past decades, giv- 
ing rise to a vast quantity of literature on scattered data fitting and its applications to 
the constraction of surfaces (cf. R. F. Franke [67], S. K. Lodha and R. F. Franke [95] 
and references therein). The constraints of the problem, in particular, the assump- 
tion on N, do not make the use of interpolation methods very realistic, since, of 
course, M > N for any interpolating process. Likewise, in many applications, the 
data are perturbed by noise or measurement errors. In such cases it is even clearer 
that smoothing methods, rather than interpolating ones, should be effectively used. 
However, not every smoothing method is well suited in the present context. Some of 
them require a computational effort similar to that of an interpolating method, and so 
they must be discarded. This is the case, for example, of the smoothing {m, s)-splines, 
since their calculation involves the solution of a hnear system of order N+m(m+ 1)/2 
(cf. Section II-4). 



2 . THE FITTING METHOD 

In order to solve problem (1.1), we present an approximation method based on the 
computation of smoothing discrete £)™-8plines, defined in Section VI-3. To this end. 



^Cf. D. Apprato, R. Arcangeli and R. Manzanilla [10]. 
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let us first observe that, if we judiciously choose an integer m, a finite element space 
Vh and a smoothing parameter e, the V/j-discrete smoothing £)"*-spline (Jeh. relative 
to A, {f{0‘))a£A ^ constitutes, under some conditions, an accurate approximant 

of the unknown function / introduced in (1.1) (cf. Theorem VI-3.2). It is also clear 
from Remark VI-3.1 that the number M of degrees of freedom on which depends 
is just the dimension ofV/i. Remark VI-3.7 then justifies that, in many cases, M 
can be small, at least compared with N. Therefore, problem (1.1), together with the 
additional constraints also expressed in the preceding section, can be satisfactorily 
solved if we simply take aeh as the approximant 4> of the function / that we search 
for. This is, in fact, what we propose. 

The results and remarks in Section VI-3 enlighten us how to choose m, Vh and e, 
as well as the complementary sets and parameters needed to define a^h (cf. Section 
VI-1 and Subsection VI-3.1). Let us begin with the polygonal open set Cl. Usually, 
f2 is a rectangle that contains the d^a points in A or their convex hull, and hence it 
suffices to take 0 = 0. In general, O can be the^ minimum open rectangle with sides 
parallel to the coordinates axes such that 0 C 0. 

Next, one selects a generic Hermite finite element {K, of class C^' (cf. Sec- 

tion 3 for some possible options). The integer k' indicates the order of continuity 
that will attain the corresponding finite element space (and the approximant of/), so 
k' > k. Since it is not worth the trouble to get a degree of smoothness greater than 
k, one typically sets k' = k. 

Once the element to be used is fixed, one makes a triangulation Th, bearing in mind 
the convergence hypothesis (VI-1.8) (implied by (VI-1.6) or (VI-1.7)), (VI-3.7) and, 
eventually, (VI-3.20). Therefore, as far as possible, the elements of Th should not 
be too slim, Jhe density of data points should be more or less uniform in all the 
elements of 7ft, and, finally, the size of these elements should be relatively similar. 
The geometric meaning of the index h is, as usual, the maximum of the diameters of 
elements in 7ft. 

The construction of a finite element space Vft on the triangulation Th from the generic 
element {K, Pk, Sk ) is a straightforward process. Likewise, one also gets from Th and 
Vft the open set Oft and the space Vft given by (VI-1. 2) and (VI-1. 5), respectively. 
Let us observe that, by construction, Vft C C'*(0ft). 

With respect to the integer m, its value is restricted by the condition m > n/2 = 1 
and hypothesis (VI-1.1), which, in turn, involves the inequality m < k' + 1. In real 
problems, one usually takes k‘ = I and m = 2, if A; = 1, and k' =■ 2 and m = 3, if 
k = 2 . Of course, one should verify that A contains a Pm-i-unisolvent subset (i.e., for 
m = 2, at least three non-aligned points), the condition that guarantees the existence 
and uniqueness ofcTeft. As suggested in Remark VI-3.7, another condition that should 
be checked is the inequality < jV, where M is the dimension of Vft and 

mf is the order of the Sobolev space defined over Cl to which / belongs. It is clear 
that m' is unknown, but, for this purpose, one can take m' = m + 1. 

The last step before computing the Vft-discrete smoothing D’”-spline Oth is the choice 
of the smoothing parameter e. For this, we refer to the methods mentioned in Remark 
VI-3.2. 
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We recall that Ceh is the solution of problems (VI-3.1) and (VI-3.2). Let ai, . . . , ajv 
and wi, . . . ,wm be, respectively, the points in A and the basis functions of Vh- If (Teh 
is expressed as <Xeh = oijWj, Remark VI-3.1 shows that, by (VI-3.2), the vector 
a = (Qj)i<j<M of unknown coefficients is the solution of the linear system 

{A^A + e1l)a = A^pf, (2.1) 

where pf = (/(««)) and A and TZ denote the matrices 

An advantage of the proposed smoothing method consists in the fact that the matrix 
of the linear system ( 2 . 1 ) is positive definite, symmetric, sparse and, if the unknowns 
aj are suitably numbered, also banded. In addition, it is possible to refine locally the 
approximant of / obtained in a first calculation. We do not detail this technique, for 
which we refer to [ 10 ]. 

3. Examples of finite elements 

There are several Hermite finite elements which can be selected to apply the fit- 
ting method detailed in the preceding section. Among them, we cite the Argyris 
and Bell triangles of class and the Bogner-Fox-Schmit rectangle of class (cf., 
for example, P. G. Ciarlet [45]), and the Argyris and Bell triangles of class (cf. 
A. Zenisek [152]) and the Bogner-Fox-Schmit rectangle of class (cf. D. Apprato, 
R. Arcangeli and R. Manzanilla [10]). For the above elements, P. Clement’s results 
(VI-1.6) and (VI-1.7) are satisfied. 

Let us remember that the elements of class C* can be used for the computation of 
discrete Z)™-splines with m < fc' -h 1. Thus, satisfactory combinations are {k',m) = 
(1,2), (2,2) and (2,3). In the strictly formal case m > 3, one could consider some 
triangular finite element of class (cf. A. Zenisek [152], A. Le Mehaute [90]) or 

the Bogner-Fox-Schmit rectangle of class (cf. J. J. Torrens [139]). 

While the Argyris, Bell and Bogner-Fox-Schmit finite elements of class are quite 
standard, their counterparts of class are not well-known. To give a clear account 
of them, we shall recall their definition as a triple (K,P, E) (cf. P. G. Ciarlet [45]). 
Figures 1 to 3 represent graphically the corresponding degrees of freedom. Likewise, 
for any / € N and for any subset E of Pi{E) (resp. Qi{E)) denotes the space of 
the restrictions to E of the polynomial functions over of degree < I with respect 
to the set of variables (resp. with respect to each variable). 

Argyris triangle of class 

• is a triangle with vertices 6 i, 62 and 63 , 

. P = P^iK), 

• E = { u I-+ d°‘v{bi) ||a|<2, l<i<3}U{t;i-+ dvV{bij) |l<t<j<3}, where 
du denotes the (outer) normal derivative operator, and = (bi -f bj)/2. 
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Argyris triangle of class 

• K is a triangle with vertices 6i, &2 and 63, 

• P = Pq{K), 

• E = {w E-> 11(60)} U { i-> d°‘v{bi) l|a|< 4 , l<i<3}u{ui--» di,v(bij) | 1 < i < 
j <3}U{vi-> d„^v(biij) |l<i<j<3}u{vf-» dv„v{bijj) | 1 < i < j < 3 }, 
where 60 = (61 + 62 + ba)/^, d^i, denotes the (outer) second normal derivative 
operator, 6jy = (26i + 6j)/3 and bijj = {bi + 26j)/3. 



Bell triangle of class 

• A" is a triangle with vertices 61, 62 and 63, 

• P = {p g P^{K) I dt,p € PslK-), 1 < t < 3 }, where K[, K'^ and K'^ are the sides 

ofK, 

• E = { u 1-^ d^v{bi) I |a| < 2 , 1 < i < 3 }. 

Bell triangle of class C"^ 

• A" is a triangle with vertices 61, 62 and 63, 

• p = {p e Pq{K) 1 d^p € P7(A'}), duuP e Ps(a:')- i < » < 3 }, 

• E = {w I-+ v(bo)} U { V E-+ d^v{bi) | |q| < 4 , 1 < i < 3 }. 



Bogner-Fox-Schmit rectangle of class C^' 

• A" is a rectangle with vertices bi, 62, 63 and 64, 

• P = Q2k'+\{K), 

• E = {u •-» d^v{hi) I |a|oo < 1 < t < 4 }, where, if a = (0:1,02), |o|oo = 

max{oi,02}. 

The number of degrees of freedom of the Bogner-Fox-Schmit rectangles is smaller 
than that of the Argyris and Bell triangles of the same class (16 against 21 and 18 , 
respectively, in the case, 36 against 55 and 46 , respectively, in the case). It 
is also clear that the tensor product structure that underlies the Bogner-Fox-Schmit 
rectangles alleviates many programming tasks and computational requirements. In 
short, the implementation of these elements is appreciably cheaper than that of Ar- 
gyris and Bell triangles. Hence, the best we can do is to select systematically the 
Bogner-Fox-Schmit rectangles as often as possible. This occurs, for example, when 
one has to apply the fitting method presented in the preceding section. However, for 
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the computation of the D"*-splines which we shall introduce in Chapter IX, as well 
as in interpolation problems (cf. Remark VI-2.2), the use of triangular elements is 
almost always unavoidable. 

To conclude this section, we note that there also exist other widely known finite 
elements of class C\ such as the Hsieh-Clough-Tocher, the reduced Hsieh-Clough- 
Tocher or the Powell-Sabin triangles. On the other hand, the implementation of 
Argyris and Bell triangles of class seems (at the present time) quite unrealistic 
and, if one must absolutely use triangular finite elements of class C^, maybe it is better 
to resort to composite elements such as the Hsieh-Clough-Tocher element of class 
(with 33 or 27 degrees of freedom; cf. P. Sablonniere [126], M. Laghchim-Lahlou and 
P. Sablonniere [85]) or the Powell-Sabin element of class (cf. P. Sablonniere [126], 
M. Laghchim-Lahlou and P. Sablonniere [86]). 



4. CONVERGENCE RESULTS 

The solution we propose to solve problem (1.1) is satisfactory inasmuch as one can 
prove that the approximant (j> = a^h converges to f, as N —* -t-oo, in a adequate sense 
and under suitable hypotheses. It is indeed what follows from the convergence results 
we have obtained in Chapter VI. Let us recall them. 

To be precise, let us use the notations introduced in Subsection VI-3.2. Let / be 
a function in (f2), where m' denotes an integer > m. We suppose verified hy- 
potheses (II-5.1), (III-3.1), (VI-1.1), (VI-1.2), (VI-1.5), (VI-3.7) and (VI-3.9). If 
m' > m, we also assume that (VI-1. 6) is verified with q = m', whereas, if m' = m, 
we suppose that (VI-1 .7) holds with q = m. Then, as stated in Theorem VI-3.2, the 
V/i-discrete smoothing D^-spline relative to A‘^, ^nd e converges to 

/ in 

In fact. Remark VI-3.7 shows that, if (VI-3.9) is replaced by the stronger conditions 
(V-4.1), (VI-3.20) and (VI-3.21), the result of Theorem VI-3.2 still holds. Moreover, 
one also has the error estimates given in Theorem VI-3.4. From this, we infer that, 
if m' > 771, the approximation of / by is a problem which can be posed in a 
space Vh. whose dimension M is much smaller than the data number N, while the 
convergence of to / is ensured. This is indeed what we were a priori wishing for. 
In the applications, we have m = 2 or m = 3 . Thus, to justify this formulation, / 
should belong to at least, in the case of D^-splines, and to in the case 

of £)^-splines. Examples of Section 6 confirm these theoretical results. 



5 . AN INTERPOLATION-SMOOTHING 
MIXED METHOD 

In Geophysics, we sometimes find a variation of problem (1.1). For approximating 
an unknown function / of class on the closure of a bounded open set fl C R^, 
we have at our disposal two different nonempty data sets: a set Ei of N\ hard data, 
considered to be exact, and a set E 2 of N 2 noisy data. Hard data are Lagrange and 
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first order Hermite data coming from measuring, at boreholes, the position and the 
orientation of the surface (the graph of /). The orientation is expressed in terms of 
two angles, called dip and strike, from which we deduce values of the first partial 
derivatives of /. Noisy data are Lagrange data of seismic origin. Ni is supposed to 
he “small” (some units), while is “large” (several thousands, for example). 

The elements of Ei are linear forms of one of the following types 



<j> : V v{a), 


(5.1a) 


(f> :v 


(5.1b) 


(f> :v 


(5.1c) 



where a belongs to a finite set Ai of points of ft. We obviously suppose that, for 
any o € v4i, Ei contains at least one of the linear forms detailed in (5.1), but not 
necessarily the three. The elements of E 2 are linear forms of type (5.1a), with a 
belonging to a finite set A 2 of points of ft. 

In this context, let us see how to approximate /. To simplify notations, we assume 
that ft is polygonal. Let m and k be two integers such that 2 < m < fc + 1 and let 
be a finite element space, constructed on a triangulation of ft, such that 

Vh C /f"‘(ft) n C''(ft). 

We now introduce the affine linear variety 

€ Vh I PiVh = pi/ } 

and the associated vector subspace 

fCoh = { € Kft I PlVh = 0 }, 

where 

Vd 6 C^(ft), piV = 

We shall also write 

Vuec‘>(ft), P2V=(<^(v))^^^^. 

Likewise, for i = 1,2, we denote by ( • , • and ( • the Euclidean scalar product 
and the Euclidean norm in , respectively. 

In the sequel, we assume that 

ICh is nonempty and A 2 contains a Pm- 1 -unisolvent subset. (5.2) 

Let us observe that the condition IC/i ^ 0 is verified if Ei C E^, where E/i stands for 
the set of degrees of freedom of V^. 

Eor any e > 0, we denote by the functional defined on P”*(ft) by 
Je{v) = {p2V - p2/)wj + ebim.n- 
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Then we consider the problem: find cTeh such that 



(5.3) 



Taking into account that Vh is a finite-dimensional space, Stampacchia’s Theorem (cf. 
H. Brezis [40, Theorem V.6], P. G. Ciarlet [45, Theorem 1.1.2]) shows that problem 
(5.3) has a unique solution aeh> which is also the unique solution of the equation 

(ceh S. 

(Vui/j 6 ICoh, {P2(^eh, P2 Wu)n 2 + £{<^eh,Wh)m,n ~ {Pif , P^Wh) Ni- 

We propose to take a^hi which is at the same time an interpolating and a smoothing 
discrete L>’”-spline, for approximant of /. Of course, we should study again the 
convergence and approximation error, because the general theory of Part B does not 
directly apply to this case, but we shall not do that in this work. 

Let us finish this section with some comments on the implementation of this interpo- 
lation-smoothing method. If Ei C E;, is verified, one can directly use equation (5.4). 
Proceeding as in Remark VI-2.1, one obtains a linear system of order M — N\, where 
M still denotes the dimension of Vh- But this solution presents, in particular, the 
disadvantage of requiring the use of triangular finite elements, since the number of 
rectangles to be introduced may be too large (for instance, in the case of a set i4i 
made up of 9 points, 100 rectangles are generally needed). It is perhaps preferable to 
modify the statement (5.3) and introduce a Lagrange multiplier. This method, which 
applies under the general condition (5.2), leads to solving the problem 



|(<Teh.,A) e /Ch X 

\yvh € Vh, {p^ioeh - f),P2Vh)Ni +£{(^eh,Vh)m.Q — {^,PlVh)Ni- 

The vector — 2A, where A is the vector appearing in (5.5), is just the Lagrange multi- 
plier of problem (5.3). 

Remark 5.1 - Let wi,. .. ,Wm be the basis functions of Vh and let us denote by 
</>l) • • • ) and fli, . . . , OiVai respectively, the linear forms in Ei and the points in A 2 - 
The solution a^h of (5.5) can be expressed as 

M 

(Tj/i = ^ ^ OljWj , 

with ai, . . . ,aM € E. Assuming that K-h 0 , it follows from (5.5) that the vector 
(o/j)i<j<M of unknown coefficients, together with the vector A = —A, is the solution 
of the linear system 



+ eR. (A\ _ ( A 2 p2f\ 

, 0 ; VaJ “ pif ) ' 



(5.6) 
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where 



-4i — (0i(Wj))x<j<jV,,l<j<M’ 

and 

When there is not a sufficient number of degrees of freedom in Vh to match the 
interpolation conditions coherently, the matrix of the above linear system is singular 
or ill-conditioned. This provides a way to verify a posteriori if the hypothesis /C/, ^ 0 
holds. Let us finally observe that the dimension of the system (5.6) is M + N\. □ 



6. NUMERICAL RESULTS 

We next give several examples of solution of problem (1.1) by the smoothing method 
in Section 2 and the interpolation-smoothing mixed method developed in Section 5. 
In all cases, we have taken = (0,1) x (0,1) and, given afunction / defined on f2, 
we have found an approximant of / of class (i.e. k = 1). For the tests, we have 
selected the well known Franke’s function (cf. R. F. Franke [68]) 

f{x,y) = 0.75exp(-0.25(9x - - 0.25(9j/ - 2)^) 

-f 0.75 exp(-(9a: -f 1)V49 - {9y + 1)/10) 

-1- 0.5exp(-0.25(9a: - 7)2 - 0.25(9y - 3)2) 

- 0.2exp(-(9a; - 4)2 - (9y - 7)2) 

and Nielson’s function (cf. G. M. Nielson [110]) 

= |cos(4(a;2 + y-i)4). (6.2) 

The graphs and contour plots of these functions are represented in Figures 8 and 13. 

To apply the smoothing method, we have considered three sets A of data points. Each 
of them consists of N points randomly distributed on fl, with N = 400,^00 and 1600. 
These sets are displayed in Figures 4, 5 and 6. Likewise, we have set = f2 and we 
have taken several triangulations 7^ of ft, made up of x Ugi equal squares, where 
n«( ranges from 3 to 9. The finite element space Vh is constructed on Th from the 
Bogner-Fox-Schmit rectangle of class (i.e. k' = 1). Since ft = ft, we have fth = ft, 
Th = Th and Vh = Vh- The dimension M of Vh is shown in Table 1. Let us observe 
that M = 4(riei 4- 1)2. 

We have set m = 2 and e = 10“®. Then, for both test functions and for any combina- 
tion of N and riei such that < M < JV, with m' = m -I- 1 , we have computed 

the corresponding V/j-discrete smoothing £)2.gpijne relative to A, and 

e. Some of these splines are represented in Figures 9-11 and 14—16. 
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net 


3 


4 


5 


6 


7 


8 


9 


M 


64 


100 


144 


196 


256 


324 


400 



Table 1; Dimension M of the finite element space Vh, constructed from the Bogner- 
Fox-Schmit rectangle of class on a triangulation having Uei x Ugi elements. 



The interpolation-smoothing mixed method has been implemented in the form de- 
tailed in Remark 5.1. We have also taken m = 2 and e = 10“® and, for simplicity, 
we have considered only Lagrange data. The interpolation and smoothing conditions 
have been imposed on two sets Ai and A 2 having, respectively, 80 and 720 points (cf. 
Figure 7). In fact, A\ U Aq is just the set A for N = 800. Figures 12 and 17 show 
some discrete interpolation- smoothing £)^-splines, also denoted by aeh- 



To get a quantitative measure of the degree of approximation provided by every 
discrete D^-spline agh, we have computed the relative error r(/) in the Euclidean 
norm, given by 



2500 \ 



1/2 



r{f) = 



i=l 

2500 



(6.3) 









/ 



where {61 , ..., 62500} is a fixed set of points regularly distributed on fi. Figure 18 
shows the decimal logarithm of r(/) for every discrete D^-spline computed, as de- 
scribed before, by the smoothing and the interpolation-smoothing methods. The 
plots of this figure clearly suggest, coherently with the theoretical results, that the 
convergence of the smoothing method is achieved if both N and M tend to +00, 
although at different rates. With respect to the interpolation-smoothing method, for 
low values of Uei , the spline lacks enough flexibility to match the interpolation con- 
ditions while retaining good global approximation properties. This initial stiffness 
disappears as nei increases, so that the interpolation- smoothing spline yields almost 
the same errors as the smoothing spline for the same number of data points. 

The value £ = 10“® used in all the preceding calculations has been suggested by the 
GCV method, applied as explained in Remark VI-3.3. For most of the considered 
data sets, we have observed that the GCV function V follows the same pattern: V 
attains a global minimum at a point £* relatively close to 10“®, it has quite small 
slopes on the left of a point e 6 (e*, 10~^), and it rapidly grows on the right of e. 
Most of these characteristics can be seen in Figure 19, which displays, for Uei = 6, 
the decimal logarithm of the function V corresponding to every data set. We have 
realized that, at least in our examples, it suffices to fix the value of e between two 
rough estimates of £* and e. This is why we have chosen £ = 10“®. 



We conclude this section showing in Figure 20 the behaviour of the relative error r(/), 
for the fixed value Uei = 6, when the smoothing parameter £ varies. From this figure 
we conclude that, for most data sets and, at least, for riei = 6, the value £ = 10~® is 
close to being optimal from the standpoint of the relative error. 
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Figure 5: Data set A for the computation of smoothing splines. Case N = 800< 
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Figure 6; Data set A for the computation of smoothing splines. Case N — 1600. 





Figure 7: Data sets Ai (crosses) and A 2 (dots) for the computation of interpolation- 
smoothing splines. 
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Figure 8: Graph and contour plot of Pranke’s function. 
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Figure 9: Fitting of Franke’s function. Graph and contour plot of the discrete smooth- 
ing D^-spline of class corresponding to N = 400, Uei = 4 and s = 10“®. Relative 
error: r(/) = 0.00616472. 
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Figure 11: Fitting of Franke’s function. Graph and contour plot of the discrete 
smoothing £)^-spline of class C^ corresponding to N = 1600, Uei = 6 and £ = 10~^. 
Relative error: r(/) = 0.00176478. 
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Figure 12: Fitting of Franke’s function. Graph and contour plot of the discrete 
interpolation-smoothing D^-spline of class corresponding to riei = 6 and e = 10“®. 
Relative error: r{f) = 0.00245605. 
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Figure 14: Fitting of Nielson’s function. Graph and contour plot of the discrete 
smoothing D^-spline of class corresponding to N = 400, Uei = 5 and e = 10~®. 
Relative error: r{f) = 0.0533174. 
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Figure 15: Fitting of Nielson’s function. Graph and contour plot of the discrete 
smoothing D^-spline of class corresponding to N = 800, Uei = 6 and e = 10~®. 

Relative error: r(f) = 0.0220282. 
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Figure 16: Fitting of Nielson’s function. Graph and contour plot of the discrete 
smoothing D^-spline of class corresponding to V = 1600, Uei = 7 and e = 10"^. 
Relative error: r(f) = 0.0111137. 
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Figure 18: Plot of logjg r(/) versus riei, for e = I0~®. Top: Franke’s function, bottom: 
Nielson’s function. The results for the smoothing splines are labelled by N=400, N=800 
and N=1600, depending on the number of data points. The label int-smo refers to 
the interpolation-smoothing splines. 
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Figure 19: Plot of logioV(e) versus logige, for nei = 6. Top: Franke’s function, 
bottom: Nielson’s function. The results for the smoothing splines are labelled by 
N=400, N=800 and N=1600, depending on the number of data points. 
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Figure 20: Plot of log^Q r(f) versus logjQe, for Uei = 6. Top: Franke’s function, bot- 
tom: Nielson’s function. The results for the smoothing splines are labelled by N=400, 
N=800 and N=1600, depending on the number of data points. The label int-smo refers 
to the interpolation-smoothing splines. 







Chapter ix 



Approximation of 

FAULTED EXPLICIT SURFACES + 

1. FORMULATION OF THE PROBLEM 



In certain domains of Applied Mathematics, it is necessary to approximate “non- 
regular functions” in the sense of the following definition: let be a bounded open 
subset of K” and / a mapping from f2 into R; if there exists a nonempty subset F of 
fl and an integer m > n/2 such that (the restriction to H \ F of) / belongs to the 
Sobolev space \ F) whereas / does not belong to then we say that / 

is non-regular of order m over Q. Such functions or some of their derivatives often 
present discontinuities. 

We consider the following problem: from Lagrange or first order Hermite data of a 
non-regular function f, construct an approximant of f over of class or over 
n' = n\F. The set F, which we call the discontinuity set of f, is supposedly known. 
When this set is unknown, one has further difficulties to face (cf. Section 7). Of 
course, F cannot be any set. The definition of F is specified in Section 2. 

In this way, we model the problem of representation of faults in geophysical sciences 
or oil engineering, where vertical faults correspond to discontinuities of the function / 
and direct oblique faults (creases) are associated with discontinuities of some of its first 
partial derivatives. This problem is, in fact, the origin of the expression approximation 
of faulted explicit surfaces. Data sets usually contain position data (points of the 
surface) and orientation data (two angles, called dip and strike, that determine the 
slope of the tangent plane to the surface and which are converted to first order Hermite 
data). The case of inverse oblique faults (overlapping folds) will not be considered. It 
can be set as a parametric surface problem and reduced to the approximation of Re- 
valued functions (see the study made later in Chapter XII, specially Remark XII-3.3). 
The problem of representation of (direct) faults in Geophysics can be formulated in 
terms of bivariate functions. We shall show in Section 2 that, to treat the vertical 
or the oblique case, one has only to consider functions / belonging to or 

However, in order to deal possibly with the case of curves or trivariate 
functions such as, for instance, the porosity of an oilfield, we prefer to study the general 
problem (n-variate functions presenting discontinuities of some derivatives of order 
< min{m, m — n/2 -I- 1}). 

The fault problem is not restricted to geophysical applications. At much smaller (mi- 
croscopic) scales, material scientists and solid state physicists have to deal with atomic 
or molecular arrangements where different kinds of dislocations and defects of the crys- 

^Cf. R. Arcangeli, R. Manzanilla and J. J. Torrens [17] and M. C. Lopez de Silanes, M. C. Parra, 
M. Pasadas and J. J. Torrens [102], 
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tal lattice determine the properties of technological interest (cf. R. Phillips [117]). 
In this setting, non-regular functions are needed to model microstructural properties 
of materials. There are many other fields where the fault problem may appear in a 
natural way, such as computer graphics, computer vision, signal processing, medical 
imaging, or, in general, those areas which analyze objects or phenomena represented, 
somehow, by non-regular functions. 

The numerical approximation of functions presenting discontinuities has received in- 
creasing attention, due to its many applications. In addition to the articles on which 
this chapter is based (cf. R. Arcangeli, R. Manzanilla and I. J. Torrens [17] and 
M. C. Lopez de Silanes, M. C. Parra, M. Pasadas and J. J. Torrens [102]), let us 
quote, among others, the works of R. F. Franke and G. M. Nielson [69], P.-J. Lau- 
rent [89], R. Manzanilla [106], P. Klein [84], V. A. Vasilenko and A. I. Rozhenko [148], 
C. Serres [134], E. Arge and M. S. Floater [20], I. Springer [135], C. Tarrou [137], and 
R. Besenghi and G. Allasia [30]. 

The usual approximation methods (by means of polynomials or standard splines) have 
on the approximated function / a smoothing effect which tends to erase the discon- 
tinuities of / or of its derivatives, whereas we want to reproduce them precisely. In 
addition, unwanted oscillations may appear near the discontinuity sets due to abrupt 
changes in the data values. Therefore, the fitting of non-regular functions requires the 
development of specific methods which take due account of the discontinuities. In [84] 
and [89], for example, this is achieved by incorporating into the approximation space 
special functions tied to the discontinuity sets. But implementing these methods is 
not easy to do in the n-dimensional case, unless n = 1 . 

Due to their local structure, finite element spaces are suitable for the construction 
of discontinuous functions. This is why many of the fitting methods presented in 
the above references follow a finite element approach. In our problem, we should 
use Hermite-type finite element spaces, since we need approximants of class or 
outside the discontinuity set. Unfortunately, we cannot do this directly, because 
we usually have no suitable Hermite data set at our disposal. In the particular case 
where, at any point a of a set A, the data /(a), ^(a) and §^(a) are available, we can 
interpolate / using the reduced Hsieh-Clough-Tocher triangle (cf. P. G. Ciarlet [45]) 
or the Powell-Sabin triangle (cf. M. J. D. Powell and M. A. Sabin [119]). We can 
also use other or finite elements and triangulations not necessarily tied to the 
interpolation points, but then we have to estimate somehow the unknown degrees 
of freedom (point values of / and its partial derivatives). For this purpose, we can 
consider, for example, the “plaquettes splines” method (cf. H. Akima [3], A. Le 
Mehaute [90], J. J. Torrens [142]). 

We are going to give an answer to the problem of approximation of non-regular 
functions by adapting the theory of D'"-splines over a bounded domain of K" and 
discrete ^"‘-splines given in Chapters V and VI. In Section 2, we shall define the 
discontinuity set F as well as the spaces of functions on 12' that we shall use hereafter. 
In Section 3, we shall introduce the D'”-splines overfl', which are D^-splines whose 
definition integrates the particular nature of the open subset f2'. In Section 4, we shall 
study the discrete D'"-splines over 12', which constitute one of the tools we propose 
to use for the numerical approximation of the non-regular functions introduced in 
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Section 2 (in order to simplify, we shall treat only the case of discontinuous functions 
without derivative discontinuities). Sections 5 and 6 will he devoted to convergence 
results of discrete smoothing D"*-splines, obtained in two different frameworks. In 
Section 7 we shall present, in the bivariate case, two approximation methods for the 
fitting of non-regular functions, based on the computation of discrete smoothing Z?*"- 
splines. The chapter ends with Section 8, where we shall give some numerical and 
graphical examples. 



2. Spaces of functions on 

2.1. DEFINITION OF THE DISCONTINUITY SET F 

Let n be an open subset of R" with a Lipschitz-continuous boundary (cf. Prelimi- 
naries). We say that a nonempty subset F of Vt is, a. discontinuity set if there exists a 
finite family {fli , . . . , Rj} of open subsets in with a Lipschitz-continuous boundary, 
satisfying the following conditions: 

Vi, j = 1, . . . , 7, j, RiH Rj = 0; 

I 

1=1 

/ 

F is a subset of dR, where 71 = ili; 

i=l 

F is contained in the interior of F U Sn (in the trace topology of dR 
induced by that of R”); 

the interior of F ("I fl (in the trace topology of dR) is contained in F; 

F n is contained in F. 

Then we also say that the family {iZi, ...,Rj} represents F in fl and we write 

n' = n\F 

(cf. Figure 1). Notice that Fl' is an open set in R". 

This definition generalizes the definition originally introduced by R. Manzanilla [106] 
and corresponds, more or less, to that suggested by J. J. Torrens [139, 141]. It allows 
us to model discontinuity sets which are quite general, such as those which may occur 
in Geophysics to represent faults: nonconnected sets, branching out into connected 
components, or touching the boundary of Strictly speaking, conditions (2. Id), 
(2.1e) and (2. If) are not essential, but they permit the simplification of the study 
of the functions on O', defined below in Subsection 2.2, and introducing multilateral 
interpolation conditions on F (cf. Section 3). 



(2.1a) 

(2.1b) 

(2.1c) 

(2.1d) 

(2.1e) 

(2,lf) 
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Figure 1: Example of family {.Ri, . . . , R/}, where 1 = 7, representing the discontinuity 
set F in the open set H (grey dots do not belong to F). 

2.2. Spaces c* (n'), and n c^{U) 

For any fc € N, let Cp(n') be the space defined by 

= = tiU, €C''(Ri)}. (2.2) 

For any v 6 Cp{il') and for any i = 1, . . . , we write Vi = . 

Theorem 2.1 - The space Cp{iV), endowed with the norm 

ll^llc^n') = (2.3) 

is a Banach space. Moreover, the space C^(f2') and the norm (2.3) are independent 
of the choice of the family {Ri,...,R/} which represents F in 

Proof - The result is obvious when F = dR. Let us suppose that F ^ OR. 

1) Let be a Cauchy sequence in Cp{Q'). For any I g N and for any i = 

1, . . . , let us write It is clear, by definition of the norm (2.3), that 

every sequence admits a limit Wi € C^(Ri). Let us show that there exists a 

function v G such that, for any i = 1, . . . , I, Vi = Wi. Any point of iV either 

belongs to R or to OR. If X € Rj, with 1 < J < /, we write v{x) = Wj{x). If x g OR, 
then, for any ji,j 2 = 1 , ^ j 2 , such that x g dRj^ PI SRjj, we have, for any 
I € N, vf^{x) = Vj‘^{x), hence tXji(x) = Wj^ix) and we take the common value for 
v(x). 

2) Let (Oi, . . . ,Of} be another family representing F in Let v g Cp(fl'). For 
any i = 1, . . . , any j = 1, . . . , 7 and any a g N", with |o:| < k, the function d°‘v 
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is continuous on 0< fl Rj. For any i = 1,...,/, any ji,j 2 = 1,...,/, ji ^ j 2 , any 
a e N", |a| < k, and any x € Oj n fl dRj^, one has obviously d°‘Vj^{x) = 
d°‘Vjj{x) = d°‘v{x). By passing to the limit, we deduce that this relation is still valid 
for any x € Oj H Rji fl Rj^. The result of this is that, for any i = 1, . . , , / and any 
a G |a| < k, is continuous on U=i(Oinfl,) = Oi. Therefore, we conclude 
that Cp{Q') is independent of the choice of the family which represents F in n. 

3) Let and {0i,...,0/} be two families representing Fin and let 

II • llc‘(n') II ■ ll^(n') corresponding norms (2.3). For any j = 1 1, 

every point x € Rj belongs to a set Oj. Therefore 

\/v € C^(n')> Vj = 1, . . . , 7, Va e N", |a| < fc, Vx e Rj, |a“it(x)| < ||t;|l^.(n,). 

Hcncc 

VxGCl(n'), lkll?*(no ^ ll^llcxm)- 

From this, we deduce that the norm (2.3) is independent of the family that represents 
F in n. □ 

Remark 2.1 - For any x € F, let us write Ix = { i | x S dRi }. It 

follows from (2. Id) that, for any x € F, there exists d > 0 such that, for any i 6 Ix, 
B{x, 5) n 7?t is a connected component of II D B{x, 6) \ F. Thus, for any v € Cp{W), 
there exist exactly card Ix limit values of v at the point x, namely Vi (x) for every 
i & Ix- 

Likewise, when F ^ OR, we deduce from (2.1) and point 2) of the proof of Theorem 2.1 
that, for any x g fl \ (fi' U F) = (F \ F) U (0fl \ F) and forany i,j — j, 

such that X € dRi fl dRj , 

Vx € Cp{Fl'), Vi{x) = Vj{x). 

So, it is possible to extend continuously any function v 6 C^(fl') at every point 
X G fl \ (fl' U F), in a unique way, by defining 

v{x) = 

y€ii' 

These results are also valid for the derivatives of order < fe of the functions of C^(fl'). 

In short, we can consider that the elements of Cp(fl') and their derivatives of order < k 
are functions defined and continuous on fl \ F which possibly present discontinuities 
with a finite jump on F. □ 

Before using the usual Sobolev space 77* (fl'), for any I G N, let us point out that this 
space is defined over an open set in R" which has not a Lipschitz-continuous boundary 
(in the sense of the definition given in Preliminaries), because it is not lying locally 
on only one side of its boundary. 

Theorem 2.2 — For any m, A: 6 N, with m > n/2 + k, c Cp{Cl'). 
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Proof - For any x € there exists <5 > 0 such that B{x,S) C W. Then, from 
Sobolev’s Continuous Imbed ding Theorem (cf. (4) in Preliminaries), we derive that 
H'^[B{x,S)) ^ C^[B{x,6)) , and therefore C On the other hand, 

since the open sets Hi have a Lipschitz-continuous boundary, we deduce from Rellich- 
Kondrasov Compact Imbedding Theorem (cf. (3) ibidem) that 

Vi = 1, . . . , H^(Ri) C C'‘(Ri). (2.4) 

Thus, w Cp(Q'). The proof ends observing that, by (2.4), any sequence 

weakly convergent in is strongly convergent in C^{Ri) for every i = 1, . . . , 7, 

and also, taking (2.3) into account, in Cpip,'). Notice that it follows from Theorem 2.1 
that the continuity of the canonical injection does not depend on the family which 
represents F in fi. □ 

Theorem 2.3 — For any I, V € N, with I > I', 

Proof - This result is a particular case of the Rellich-Kondrasov Theorem, just as 
stated, for instance, in R. A. Adams [1], because fl' is an open set having the cone 
property. One cannot directly apply here the Compact Imbedding Theorem (2) in 
Preliminaries, where the open set is supposed to possess a Lipschitz-continuous bound- 
ary. □ 

Theorem 2.4 - For any m, r € N, withm > nf2+r, the subspace H’^{Q')nC^ (Cl) 
is closed in 77’”(f2'). 

Proof - Let be a sequence of elements of which is a Cauchy 

sequence in 77"* (17'). This sequence converges to an element u € if"* (II') and, by 
Theorem 2.2, u € Cp{Q!). Now, C"(12) is a closed subspace of (7^(17'), since 

Vd € C"(f2), ||tt||c.r(n) = l|t^llcj.(n')- 

Therefore, u 6 <7"(17) and the Theorem follows. □ 

Remark 2.2 - When m > n/2 + r, the space 77"*(17') H C'’(17) consists of functions 
which may admit discontinuities of derivatives of order r + 1. For n > 2, we have 
r + 1 <m— 1, so the elements of if"* (17') FI (/"(li) are really non-regular functions 
in the sense of the definition we adopted. On the other hand, for n— 1, it is possible 
that r + 1 = m, but in this case 77”*(17') fl C'"*“^(12) = if"*(17). This is the reason 
we are interested, as a general rule, in the approximation of functions presenting 
discontinuities of derivatives of order < min{m,m — n/2 + 1}. □ 



5. -SPLINES OVER 

Let 17 be an open subset of K" with a Lipschitz-continuous boundary (cf. Preliminar- 
ies). Let 7^ C 17 and {7?i, . . . , 7?/} be, respectively, a discontinuity set and a family 
of open sets that represents F in 17 (cf. Subsection 2.1). We write 17' = 17 \ F. 
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Let A be a finite set of distinct points of fl and let E be a set of linear forms of the 
type 

9“v(a), (3.1) 

with a e A \ F, a € N", |a| < 1, or of the type 

(3.2) 

with a € A n dRi flF, l<i<7, q6 N”, |q| < 1. Of course, we suppose that every 
point of A is associated, at least, with one element of E. Moreover, we denote by fj. 
the maximal order of the derivatives occurring in the definition of the elements of E, 
so ^ = 0 or 1. From now on, we suppose that 

m > ^ + /r. (3.3) 

According to Remark 2.1, the elements of E are continuous linear forms on C'^(fl'). 

Remark 3.1 - Every point of A \ F is a node corresponding, at most, to n + 1 
elements of E, whereas every point a of A H F can be associated, at most, with n + 1 
elements of E for each open set R{ such that a € dRi- □ 

Now, we write N = card E. We denote by the Euclidean space of dimension N, 
and by ( • ) and ( • , • ) the norm and the scalar product in R^. As the set E is 
supposedly ordered, we introduce the linear continuous operator p ; Cp{Q') —* R^, 
defined by 

fyv = 

Erom now on, we shall suppose that E contains a Fm-i(f^O"Unisolvent subset, i.e. 
that 

KerpnF„_i(n') = {0}, (3.4) 

where Fm-i(f20 ‘^®r^°tes the space of functions on which are polynomial functions 
of degree < m — 1, with respect to the set of variables, over each connected component 
of O'. Hereafter, every time (3.4) is assumed, we shall implicitly suppose that E is 
defined by (3.1) and (3.2), with |o;| < 1 and p = 0 or 1. 

It follows from (3.3) and Theorem 2.2 that p is also a linear continuous operator from 
J?™(n') into R^. So, we can consider the mapping [ • Jm.n'i defined on by 

Im.n') ' ■ (3.5) 

Proposition 3.1 - Suppose that hypotheses (3.3) and (3.4) are verified. Then, 
the mapping | • ]|ni,n' ^ Hilbertian norm on equivalent to the norm 

II ■ l|m,n'' 

Proof - The fact that | • |m,n' is a norm on i7”*(H') comes from (3.4) and it is clear 
that it derives from a scalar product. In order to prove the equivalence of norms, one 
reasons by compactness, as in the proof of Theorem 2.7.1 of J. Necas [109], by using 
Theorem 2.3. □ 
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Now, we give the definition of interpolating £)"*-splines over fl'. Let /3 g and 
consider the affine linear variety 

IC = {ve \pv = p} 



as well as the associated vector subspace 

lCo = {vendin') \pv = 0}. 

Then, we call interpolating -spline over Q! relative to p and /3 any solution, if any 
exists, of the problem: find a such that 

|Vt; € K,, |cr|m,Q' < |u|m,n'- 

Theorem 3.1 - Suppose that hypotheses (3.3) and (3.4) are verified. Then, 
problem (3.6) has a unique solution a characterized by 



<y E /C, 

Vui g >Co, {(T,w)m,Q' = 0. 



(3.7) 



Proof - 

1) First, let us show that 1C is nonempty. Since A is finite, there exists <5 > 0 such 
that 

(i) for any a € A, B{a,S) fl A = {a}; 

(ii) for any i — 1, . . . , 7 and any a g AnFndRi, B(a, S)nRi is a connected component 
of n n B{a, 6)\F (cf. Remark 2.1). 

Let i/) ; R” -+ R be the function defined by 




We number 0i, . . . ,(j)N the elements of E and we set /? = (^i, . . , ,/3jv), where, for any 
j — 1, . . . , At, Pj corresponds to <f>j. For any j = 1, . . . , N, if 4>j is of type (3.1), we 
define the function ; R" — » R by 

Pj{x) = 

where q g N" and a g are associated with Likewise, if 4>j is of type (3.2), we 
define (pj by 

Pj{x) = {x- 

where XRi is the characteristic function of Ri. Then, we easily see that the function 

N 

Up = PjVj 

j=i 



(3.8) 
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belongs to K.. 

2) Any possible solution of (3.6) is an element of minimal norm | • in the 

set /C. Now, /C is convex, closed in since p is continuous, and nonempty. 

Thus, problem (3.6) admits a unique solution cr, namely the element of minimal norm 
I ' in 1C. We know that this element is characterized by the relations 



Itre/C, 

6 1C, \-a,v- a\m,n‘ < 0, 

where | • ]]m,n' denotes the scalar product in associated with the norm 

I ' From this, one deduces (3.7). □ 

Proposition 3.2 - There exists one and only one pair x 

which is the solution of 



{a etc, 

[Vt; e {a,v)m,n' = {X,pv), 



(3.9) 



and cr is just the solution of problem (3.6). 



Proof - If (<T, A) is a solution of (3.9), then a £ 1C and, for any w 6 ICq, (a, w)m,Ci' = 
0, hence rr is the solution of (3.6) and a is unique. Moreover, if (cr, A') and (cr, A”) are 
two solutions of (3.9), we have, for any v € (A' — X” ,pv) = 0, which implies 

A' = A”. Thus, there exists, at most, one solution of (3.9). 

On the other hand, for any v € the function w = v — Upv belongs to ICq, 

where Upv is the function introduced in (3.8) for (3 = pv. Let a be the solution of 
(3.6) and let Abe the vector in of components {a,ipj)m,n'ifor j — with 

tpj defined as in the previous proof. Then, by (3.7), the pair (a. A) is a solution of 
(3.9). □ 



We next introduce the smoothing £)"*-splines over Cl'. For any £ > 0, we put 
Vti e Mv) = {fyo- 

Then we consider the minimization problem: find (Te such that 

cTe € H"*(n')< 

Vt; 6 H"'iCl'), J,{a,) < J,{v). 

Any solution cte, if any exists, is called smoothing D”* -spline over Cl' relative to p, j3 
and e. 

Theorem 3.2 — Suppose that hypotheses (3.3) and (3.4) are verified. Then, 
problem (3.11) has a unique solution (Te characterized by 



(3.10) 

(3.11) 



ae £ H'^lCl'), 

'iv £ H'”-(CT), {p(Te,Pv} +£{<Te,pv)m,n' = il3,pv). 



(3.12) 
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Proof - Replacing fl by fl' and taking Proposition 3.1 into account, one resumes the 
proof of Theorem V-3.1. □ 

Remark 3.2 - Reasoning as in the proof of Theorem V-2.1, one can show that 
the interpolating and smoothing £)”“-splines over f2' relative to p belong to the space 
Q2m-n-i-ii^Q>y Therefore, in particular, a and belong to C^(n') if m = 2, n = 2 
and /I = 0, and to ifm = 3, n = 2 and /j = 1. □ 

Remark 3.3 - Suppose, in this section, that E is a set of linear forms either of type 
V i-» v{a), with a € n, or of types (3.1) or (3.2), with |a| = 1. Replace by the 

space V = PI C°(f2). Then, taking Theorem 2.4 into account, one defines in 

the same way the V-interpolating (resp. V-smoothing) D'”-spline relative to p and /3 
(resp. p, P and □ 



4. DISCRETE -SPLINES 

In order to simplify the exposition, we suppose from now on that is a polyhedral 

subset of M" (this assumption is verified in the applications). On the other hand, we 
suppose that the closure of the discontinuity set T is a finite union of (closed) faces 
of polyhedrons in R", that m is any positive integer and we denote by k an integer 
equal to 1 or 2. We write 0' = \ F, we keep the notations A, E, p, N and p of 

Section 3 and we suppose that (3.4) is verified. 

Let H be a bounded subset of (0, +oo) such that 0 € H. For any h G H, suppose we 
are given 

• a triangulation 7/i of f2 by means of n-simplices K with diameters < h and 

O 

pairwise disjoint interiors K, such that 

VFeTfe, FnF = 0, (4.1) 

any face of a n-simplex K € %, is either the face of another n- 
simplexin Tjj, or a part of 8Q, or a part of F 

(cf. Figure 2), 

• a finite element space V/i, constructed on Th, such that 

Vh is a finite-dimensional subspace of n Cp{Q,'). (4.3) 

Remark 4.1 - Let k' be the class of the generic finite element of the space Vh 
Then, hypothesis (4.3) implies that k < k' and that m < fc' + l, so that the inclusions 
Vh C C^(fi') and Vh C Jf"*(n'), respectively, are obtained. When dealing with real 
problems, one takes k' = k, for reasons of cost. 

For the problem of approximating surfaces from Lagrange or first order Hermite data, 
we have n = 2 and so, taking account of hypothesis (5.2), needed in study of the 
convergence, the usual choices are k' = I and m = 2, if /c = 1, and k' — 2 and m = 3, 
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Figure 2; Example of triangulation of the set fl. 

if A: = 2 (see Section VIII-2). Notice that we must use triangular finite elements, 
because F may be any polygonal set. For examples of generic finite elements, the 
reader is referred to Section VIII-3. □ 

Remark 4.2 - Let us detail how to obtain a finite element space Vh satisfying 
(4.3). In a first step, one follows the usual process in the Finite Element Method, 
without taking F into account, in order to construct a finite element space such 
that VJ,* C n C*'^). Let wX, . . . ,w%i, be the basis functions of V^. For 

i = let € n be the node with which wl is associated and let 7 i be 

the number of connected components of (suppty,*) \ F, whose respective closures are 
denoted by 17/ , , . . , (cf. Figure 3). It is obvious that 7 i > 1 only if hi belongs to 
F (it may happen, however, that 7t = 1 for some nodes hi € 9Q D F). 

Now, let IF = { Wi Xui | i = 1, . . • > Af*, j = 1, . . . , 7 ^ }, where Xyj is the characteristic 

function of {//. It is clear that VFis a finite family of linearly independent functions of 
H^{W) nC'p(fl')' Then, the space Vh is just the linear space spanned by W. Let us 
observe that the sets Uf are the supports of the functions in W and so the supports 
of the basis functions of Fi. □ 

According to (4.3) and since /t < A:, we can define on Vh, for any h € H, the mapping 
I • introduced in (3.5). It follows from (3.4) that | • |m,n' is a norm on V^. Of 
course, endowed with this norm, Vh is a Hilbert space, because it is finite-dimensional. 

Let 0 € For any h 6 H, we define the vector space 

ICoh = {vh€Vh\ pvh = 0 } 

and the affine linear variety 



fCh = {vh e Vh \ pvh = P }. 
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Figure 3: Example of sets 17/ associated with three nodes bi (cf. Remark 4.2). Let 
us observe that 71 = 73 = 1, whereas 72 = 2. 



Then we consider the problem: find (Th solution of 

Uh e K.h, 

\yvh e Kh, Wh\m,Sl' < lw/i|m,n'- 

Any solution of (4.4), if any exists, is called Vh-discrete interpolating D'^-spline 
relative to p and p. 

Theorem 4.1 - Suppose that hypotheses (3.4), (4.1), (4.2) and (4.3) are verified. 
Moreover, suppose that 

Vh e e, E C Eh, (4.5) 

where E/, denotes the set of degrees of freedom ofVh- Then, for any h € H, problem 
(4.4) has a unique solution (Jh., characterized by 



jcTh £ JCh, 

£ IcQh, (17/1, UIh)m,n' = 0 - 



(4.6) 



Proof - Let us show that K-h is nonempty. Let us denote by (/>i , . . . , the elements 
of E. Let M be the dimension of Vh and let uii, . . . , wm be the basis functions of 
Vh, numbered so that, for any j = 4>j{wj) = 1 (which, by (4.5), we are 

able to do). Then, the function Vh = PjWj belongs to K-h- Thus, the closed 

convex nonempty subset Kk of Vh has a unique element an of minimal norm | • Jm.fi' , 
characterized by (4.6). □ 
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When (3.3) is verified, it is clear that (4.4) (resp. (4.6)) constitutes a discretization 
of (3.6) (resp. (3.7)). 

Remark 4.3 - With the notations of the previous proof and under hypothesis (4.5), 
the solution cr^ of (4.4) can be written as 

N M 

j=l j=N+l 

with Oj € R, for j ■= N + 1, . . . , M. Reasoning as in Remark VI-2.1, we see that the 
unknown coefficients aj are the solution of the linear system 

M N 

^ N + 1 <i < M, 

j=N+l j=l 

whose matrix is regular. □ 



For any e > 0 and any /i 6 H, we now consider the problem: find a eh verifying 



f ^eh ^ ) 

€ Vht Je{(^eh) ^ 



(4.7) 



where Je denotes the functional introduced in (3.10) (let us observe that, indepen- 
dently of any condition onm, such as (3.3), Je is defined, in fact, on H’^{Q')r\Cp(fl') 
and hence on Vh). 

Theorem 4.2 - Under hypotheses (3.4), (4.1), (4.2) and (4.3), for any h € 
H, problem (4.7) has a unique solution a eh) called V),-discrete smoothing D'”-spline 
relative to p,fi and e, which is also the unique solution of the problem: find a eh such 
that 

lo'eh € Vh, 

\ Vllh e Vh) {fXTeh) fnih) + e{Oeh) Vh)m,W -- {P) PVh)- 



Proof - Taking into account that Vh, endowed with the norm | ■ is a Hilbert 
space, the proof is similar to that of Theorem V-3.1. □ 

When (3.3) is verified, (4.7) (resp. (4.8)) is clearly a discretization of (3.11) (resp. 
(3.12)). 

Remark 4.4 - Let us write cteh = where tui, , . . ,wm denote the basis 

functions of Vh, and let us introduce the matrices 

and 

72.=: Wi),n,n') 
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Then, reasoning as in Remark VI-3.1, we see that (4.8) is equivalent to the problem: 
find a = {o:j)i<j<M solution of 



jaeR", 

\{A'^A + e'R,)a = A'^P, 

where A^ denotes the transpose matrix of A. □ 

Remark 4.5 - In real problems, the number N of data points may be large. That is 
the reason why, in that case, one specifically uses the discrete smoothing D"“-splines, 
which can be defined in a space Vh of dimension M much smaller than N (cf. Remark 
Vl-3.7). □ 

Remark 4.6 - When n = 2, under condition (4.3), the Vii-discrete Z)”*-splines 
are suitable tools for the representation of vertical faults in Geophysics (cf. the 
numerical and graphical results of Section 8). We recall that functions in the space 
n Cp{Ct'), and so in Vh, may present a jump discontinuity at any point of F 
(cf. Remark 2.1). 

To represent surfaces which present (direct) oblique faults, we must change in two 
directions the assumptions made at the beginning of this section. On the one hand, 
we must replace (4.3) by the following condition: 

Vh is a finite-dimensional subspace of fl fl Cp{fl'), 

in order to ensure that the functions in Vh are continuous functions on fl whose first 
order partial derivatives may admit discontinuities on F (cf. Remark 2.2). On the 
other hand, the triangulation 7/, on which Vh is constructed must also contain curved 
elements, so that the fault line F is contained in the union of the curved sides of those 
elements. 

The need of curved finite elements is justified by the following result, established by 
C. Tarrou (cf. [137, Part II, Lemma 2]): 

Let fl, fli and fl2 be three domains in R^ such that fl = fli Ufl 2 and F = flj nfl 2 is a 
polygonal curve with vertices 6i, . . . , 6^, supposedly numbered in a monotone way on 
F. Let f be a function in C*^(fl) and assume that, for j = 1,2, fj € ci(nj), where 
fj — f\(lj • Then, at every vertex bi, with 2 < i < u — 1, such that bi-i, bi and 6j+i 
are not collinear, we have 

V/i(6i) = V/2(6i), 

where, for i = 2,...,i/— 1 and j = 1,2, Vfj{bi) denotes the value of the gradient 
vector of fj at the point bi. 

As a consequence of this result, the gradient vectors of continuous functions which 
are at least of class on both sides of a polygonal curve F cannot be discontinuous 
along F, as would be required when modelling oblique faults in Geophysics. This fact 
suggests, as pointed out by C. Tarrou, that the fault lines associated with oblique 
faults should be represented by means of, at least, -continuous curves (i.e. curves 
for which the unit tangent vector is defined and continuous at any point). To this 
end, C. Tarrou uses composite quadratic Bezier curves. Then, to construct the finite 
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element space V/j, he develops a triangular finite element with only one curved side, 
based on a Clough-Tocher split (cf. [137]). Of course, one could use, instead, isopara- 
metric Hermite finite elements (cf. P. G. Ciarlet [45]). Anyway, the analysis of the 
convergence that we shall present in Section 5 is no longer valid and has to he re- 
elaborated. In particular, it is necessary to have an extension of Clement’s result (see 
later the hypothesis (5.5)), like that obtained by C. Bernardi for the isoparametric 
case (cf. [29]). We shall not make this study in our book. □ 



5 . GLOBAL CONVERGENCE 

This section is devoted to the study of the convergence of the V)i-discrete smoothing 
T)"*-splines, in view of its major interest. We shall not consider the case of (contin- 
uous) D"* -splines over fl' or that of Vh-discrete interpolating D™ -splines, for which 
we could obtain convergence results similar to those of Theorems V^.l, V-4.2 and 
VI-2.2. 

Hereafter, we shall keep the notations f2, F, and k of Section 4 and we shall suppose 
we are given 

• two bounded sets D and HI in (0, -Hoo) such that 0 6 D Pi H, 

• an integer n equal to 0 or 1, 

• for any d € D, a set A'^ of points in f2 and a set of iV = N{d) linear forms 

on of types (3.1) or (3.2), with |o:| < n, associated with the points of A**, 

verifying 

sup (5(a:, A^) = d, (5.1) 

xen' 

where <5( • , • ) denotes the Euclidean distance in R" and A^ is the set of Lagrange 
nodes of (i.e. the set of points in A’^ for which there exists an element in TA of 
types (3.1) or (3.2) with |a| = 0), 

• for any d € D, the operator p'^ g £(Cp(0'),R^) defined by 

• for any /i g H, a triangulation 7h of fl by means of n-simplices K with diameters 

< h, verifying (4.1) and (4.2), 

• for any /i g H, a finite element space V/,, constructed on Th, satisfying (4.3), where 
m is now an integer such that 

m > I (5.2) 

Moreover, we suppose that the families (A‘*)d6i> and {Th)hew are linked by the relation 

card(A*^ n K) 



3C > 0, V(d,/i) g ID X H, VJT g 



measiir 



< Cd-" 



(5.3) 
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(cf. hypothesis (VI-3.7) and also the comment following this assumption). 
Let m! be an integer such that 



/ r 1 1 

m > max{- + ^,m - 1}. 



(5.4) 



We suppose that the family (V)i);jge and the integer m' are such that the following 
result is verified: 



There exists a constant C > 0 and, for any /i € H, a linear operator 
Eft ; —* Vh such that, for any 1 = 0,... ,m', one has 



Vt) € 







Moreover, 






'ISofEl'’- 






K 






1/2 



= 0 . 



(5.5) 



Remark 5.1 - Let ns observe that (5.5) is, essentially, P. Clement’s result (VI-1.7), 
replacing q, H, Th and Vh by m', Q,', Th and Vh, respectively. Therefore, this result 
implicitly assumes that the generic finite element {K,Pk,^k) of the family (V)i)i,eiHi 
verifies the condition Pm'{K) C.PkCH'^ {K), and also, as pointed out in Remark 
VI-1.1, that the family (Tft)ftgH is regular and that the basis functions of any space 
of the family {Vh)h€U satisfy a uniformity property analogons to (VI-1 .9). □ 

Lemma 5.1 - Suppose that hypotheses (5.3), (5.4) and (5.5) are verified. Then, 
there exists C > 0 such that 



'iv G Vd € 



_ u2(m'-n) 

V/i G H, {p\XihV - v))^ < 



Proof- We adapt the proof of Lemma VI-3.1, taking account of the fact that here 
the definition of p’^ involves derivatives of order < p,. □ 



We also need the following resnlt. 

Proposition 5.1 - Let be any family of open sets that represents 

F in fl. Let Bq = {boii- • • Pm-\{^')-unisolvent subset of points of R — 

For any r > 0, we denote by Br the family of all subsets B — {6i, . . . , 6^} 
of points of which satisfy the condition 



Vj = |6j-6oj| <r. 
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Then, there exists ro > 0 such that the mapping |[ • defined for any subset 

B = {bi, , 6gj} of points ofil' by 



is, for any B € Bro o norm on uniformly equivalent over Btq to the norm 

IMko'. 

Proof - We adapt the proof of Proposition 1-2.3, replacing X'^’^ (resp. 
by and using, in particular. Theorem 2.2. □ 



on 



HE 



U=i 



Finally, we suppose, as in Subsection VI-3.2, that e and h are functions of d that, in 
this case, verify the relation 






= 0 ( 1 )- 



d — ► 0, 



(5.6) 



and also (III-3.1), i.e. 

e = o{d~"), d — * 0. 

It follows from (III-3.1), (5.4) and (5.6) that d — > 0 implies h —* 0. From now on, to 
simplify the notations, we shall write e and h instead ofe(d) and h(d). 

We get the following convergence theorem for discrete smoothing D^-splines. 

Theorem 5.1 - Suppose that hypotheses (III-3.1), (4.1), (4.2), (4.3), (5.1), (5.2), 
(5.3), (5.4), (5.5) and (5.6) are verified. Let f be a given function in H”* (fl'). For 
any d 6 D, we denote by the Vh-discrete smoothing D'^-spline relative to p'^, p‘^f 
and £. Then 

lim - f\\m,n' = 0. 
a— *0 



Proof - We adapt the proof of Theorem VI-3.2, using, in particular. Theorems 2.2 
and 2.3, Lemma 5.1 and Proposition 5.1 (cf. R. Arcangeli, R. Manzanilla and 
J. J. Torrens [17]). □ 

Remark 5.2 - Even when p, = 1 (i.e. even when Hermite conditions are involved), 
the convergence requires only the condition m > n/2, and not the condition m > 
n/2 + 1, which is implied by the inclusion C Cp(fl'). Theorem 5.1 actually 

shows that it suffices that V/i C Cp(Q'). This result is very important in practice 
for approximating surfaces from Lagrange or first order Hermite data. It justifies the 
fact that we can use finite element spaces whose generic finite element is precisely of 
classed □ 

Remark 5.3 - To study the discrete D^'-splines in Sections 4 and 5, we have sup- 
posed that the open subset fl is polyhedral. There is no theoretical difficulty in treat- 
ing the general case, i.e. fl being an open set with a Lipschitz-continuous boundary 
(cf. Preliminaries), by reasoning as in Chapter VI. We achieve the same convergence 
result. □ 
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6. Local convergence 



Let f2 be, for simplicity, a polyhedral subset of R" and let F C be a discontinuity 
set (in the sense of Subsection 2.1). Likewise, let = fl \ F. 

Assuming that F is polyhedral, it is a consequence of Theorem 5.1 that the discrete 
smoothing D™-splines introduced in Section 4 can be useful tools to fit a non-regular 
function / over Q! from Lagrange and, if available, Hermite data. Obviously, these 
splines provide an approximation of / on the whole set Q' . In some situations, how- 
ever, it may be sufficient (or even necessary) to fit / only on a set u>h C Q such that 
oJ/j n F = 0 (the sense of the index h will be clear later). Since / is regular on uJh, 
one can approximate / by “usual” discrete smoothing D^-splines (like those consid- 
ered in Chapter VI or, for n = 2, in Chapter VIII). Of course, if one really needs a 
global approximation of / on fi', one can extend the “local” spline defined on uJh to 
a function defined on as we shall see later in Section 7. 

The main advantage of this approach is that one does not need to worry about the 
geometry of F, since all the computations take place on w/,. The particular form of 
F is only relevant when an extension to is required. In this way, we can obtain 
convergence results that are valid for arbitrary geometries of the discontinuity set F. 
These results are, in fact, the main object of this section. 

Suppose we are given 

• three nonnegative integers m, m' and such that m > nj2^ /r = 0 or 1 and 
m' > max{n/2 + n,Tn- 1}, 

• two bounded sets D and H in (0, +oo) such that 0 S D fl H, 

• for any d £ D, a set of points in n and a set of V = N{d) linear forms on 
Cp{fl') of types (3.1) or (3.2), with |q| < (j,, associated with the points of A‘^, that 
verify (5.1), 

• for any d 6 D, the operator R^) defined by 

p‘^v = 



• for any /i 6 H, a triangulation 7), of by means of n-simplices K with diameters 
hi{ < h, 

• a family {u>h)h^u of open subsets of fl with a Lipschitz-continuous boundary (cf. 
Preliminaries) such that 

for any h. € H, is a union of elements of (6.1) 

VlielHI, Fnwh = 0, (6.2) 

lim sup d(a;, F) = 0, (6.3) 
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• afamily (14)hgH of finite element spaces such that, for any h € H, is constructed 
on the triangulation Th = { K € Th \ K CiUh} of and that 

Vh is a finite-dimensional subspace of (6.4) 



We also assume that the following result holds: 



There exists a constant C > 0 and, for any h € H, a linear operator 
ITfc ; L?{wh) — » Vh such that, for any / = 0, . . . , m', one has 









1/2 









Moreover, 



(6.5) 






lim 

h—O 




1/2 



= 0. 



Remark 6.1 - Like the relation (5.5), the preceding hypothesis is another variant 
of P. Clement’s result (VI-1.7). In this case, we have replaced q, Q, Th and Vh by m', 
Uh, Th and Vh, respectively. Let us observe that IT/, is now defined on a space that 
also depends on h. Of course, it is implicitly assumed that the generic finite element 
{K, Pk,^k) of the family (Vh)hgH verifies the condition Pmi{K) C Pk C 
that the family {Th)h&i is regular and that the basis functions of any space of the 
family {Vh)h&M satisfy a uniformity property similar to (VI-1.9). □ 

Remark 6.2 - We have implicitly supposed that, for any /i 6 H, w/, is connected. 
However, it is readily seen that all the results in this section are still valid if, for 
any /i € H, any two connected components of u)h have disjoint closures and every 
connected component of Wh is an open set with a Lipschitz-continuous boundary 
(cf [102]). □ 



For any € H, it follows from (5.1) that, for any d € D sufficiently small, the set 
A'l nUJh contains a Pm-i-tmisolvent subset (we recall that A'l is the set of Lagrange 
nodes of S*^). Hereafter, for simplicity, we shall assume that this fact is verified for 
any {h, d) € H x D. Likewise, for any {h, d) € HI x D, let be the set of linear 
forms in E“^ which are associated with the points in A'^ HuJh, and let us denote by 
€ £(if"*(aiii),E^^), with = cardE^, the operator defined by 

whose continuity follows from (3) in Preliminaries. 

For any {h,d) 6 HI x D, we denote by ( • ) (respectively, by ( • , • )) the Euclidean 
norm (respectively, the Euclidean scalar product) in . We also suppose that the 
families (A‘*)dgD and (7Ji)/igiHi satisfy the relation (5.3). In these conditions, we have 
the following auxiliary results. 
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Lemma 6.1 - Suppose that (5.3), (6.1), (6.4) and (6.5) hold. Then, there exists 
C > 0 such that 

^{h,d) e H X D, Vv € H'" (Wh), {piiUhV - v)f < C 

Proof - Cf. the proof of Lemma 5.1. □ 

Lemma 6.2 - Suppose that (6.2) and (6.3) hold. Then, 

(i) For any open set to cQ, with oJ fl F = 0, there exists h* € IH such that 

V/i e H, h<h* , LJ C Wh- 



in) lim meas(0 \ Wh) = 0. 

h — >0 

Proof - 

1) Let w be an open subset of f2 such that cU fl F = 0. Since w and F are closed sets, 
it is clear that F) > 0. In addition, for any h 6 IH, we have 

S(w,F) < S{w,Q\wh) + sup S{x,F). 



By (6.3), there exists h* € H such that 



V/i € H, h < h* , sup 6{x,F) < ^ 6{w,F). 

xeii\uh ^ 



Thus, 



which implies that 



Hence, 



Vh e H, h < h*, S(w, n \ Wh) > 0, 



VheE, h<h*, wn(fl\wh) = 0. 



Vh e M, h < h*, w C Wh- 
Therefore, point (i) is satisfied. 



2) For any h eM, let Fh = ^l\wh- Let us first point out that, from (i) and (6.2), we 
have 

Vho G H, 3h* € M, Vh € H, /i < h*, Th C Fh,- (6.6) 



Now, we shall prove that (ii) holds, arguing by contradiction. Suppose that 

lim meas(F/,) / 0. 

Then, there exists a real number /3 > 0 and a sequence [Fh,)ie.H, with limi_+oo hi = 0, 
extracted from the family {Fh)heEt such that 



VI € N, meas(Fii| ) > j3. 



(6.7) 
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By (6.6), it can be assumed without loss of generality that 



Th^ D Thi D ■ ■ ■ D ^ D . 



Since meas(F/n) < +oo, it follows that 




measfnFii, )= lim mea8(F/,,). 


(6.8) 


Let us show that 




Z) 

II 


(6.9) 



I6N 

It follows from (6.2) that, for any I gN, F C Fh, ■ Hence, 



leN 

Reciprocally, if a; € flieN obvious that 

V/ e N, <5(a;, F)< sup S{y,F). 

We deduce from (6.3) that S(x, F) =0 and hence x G F. Therefore, 

cF. 

leN 

Since meas(F) = 0, we conclude from (6.8) and (6.9) that lim(_+oo mea8(Fh, ) = 0, 
in contradiction with (6.7). Thus, the result holds. □ 

Lemma 6.3 - Suppose that (5.1) holds. Let u) be an open subset of Cl with a 

Lipschitz-continuous boundary, and let (5‘*)deD be a family ofH”^{cj) such that 

Y, |5‘'(a)|2=o(d-"), d^O. (6.10) 

Then, for any r > 0 and for any b G ui, there exists a family (6‘^)deD C (U fl B{b,r) 
such that 

/(&'') = 0(1), d ^ 0. (6.11) 

Proof- Let r > 0 and b G UJ. Since ut fl B{b,r) is an open set, there exists f > 0 
such that B{b,f) C w R B{b,r). Let oiq = B{b,f). 

For any d € D, with d < f, it follows from (5.1) that RuJo is a nonempty finite set. 
Hence, there exists at least one point b'^ € R tJo such that 

1/(6'^) I = min_ |/(a)|. 
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Likewise, for any d € D, with d > f, let b’^ be any element of uJq. Obviously, the 
family (fe‘*)cigiij is included in a7n B{b,r). Let us see that (6.11) also holds. It follows 
from (5.1) that 



Vd e D, d < f, B{b,f — d) C B{a, d). 

Taking the corresponding Lebesgue measures and simplifying, we get 
Vd 6 D, d < f, (f - d)" < d'* card(zl^ n iUo). 

Let do € (0,r). We deduce that 

Vd € D, d < do, (f - do)" < d" card(A^ n cJo). 



Therefore, 

Vd 6 ©, d < do, lg‘‘(b‘‘)l^ 



min < 



a€Air)wo 



(f - do)’ 



rd(i4^ n Wo) 



E 



ae/lrHu^o 



■d" E 



a€A^ nw 



This relation and (6.10) finally imply (6.11). 



□ 



Let / be a given function in H”’ (fl'). For any d € D, for any h £ M and for any 
e > 0, we denote byd^^j the V), -discrete smoothing O’” -spline relative to pf, pff and 
e, which is the unique solution of the following problem: find such that 



^eh 



&Vh, 



where 



[VVH e Vu, Jf^icrin) < JLM, 



JehM = {Ph^h - Phf) + 



( 6 . 12 ) 



Remark 6.3 - The existence and uniqueness of a solution of problem (6.12) is a 
consequence of the Pm-l -unisolvency of a subset of fl Wh. It suffices to reason as 
in the proof of Theorem V-3.1, with Vh instead of □ 



As in Section 5, we suppose that e and h are functions of d that verify the relations 
(III-3.1) and (5.6). We recall that these hypotheses imply that d — ► 0 as d — » 0. As 
usual, we shall write e and h instead ofe(d) and h{d). 

For any v 6 (respectively, v S H”’{uJh)) and for any E <1 (respectively, 

E C uJh), we shall write v instead of u|£. 

Theorem 6.1 — Let UJ be a nonempty open subset of LI such that w fl F = 0. 
Suppose that hypotheses (III-3.1), (5.1), (5.3), (5.6), (6.1), (6.2), (6.3), (6.4) and 
(6.5) hold. Then, we have 
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Proof — 

1) We shall first assume that w is an open set with a Lipschitz-continuous houndary 
(cf. Preliminaries). 

By (6.2) and point (i) of Lemma 6.2, there exists ft* 6 IK such that 

Vft e H, ft < ft*, w C w/i C n'. (6.14) 

Hence, for any d 6 D sufficiently small, — / is a function defined on w. Let us 
show that there exist two positive real numbers C and do such that 

Vd e D, d < do, ||^,^h||m,w < c. (6.15) 

From (6.5) and point (ii) of Lemma 6.2, it is clear that 

inhflm,u„ = + 0(1), ft ^ 0. (6.16) 

Likewise, from (6.12) with Vh = Ilh/, we have 

Vd g D, - /))2 < £ Q(p^,(n,f - f)f + 

and 

Vd 6 ®, - f)? + 

From Lemma 6.1, (5.6) and (6.16), we deduce that 

{pi{»tk-f))" = O{e),d^0, (6.17) 

and 

+ o(l), d -♦ 0. (6.18) 

This last inequality, together with (6.14), implies that 

\^ih\m,u < + o(l), d -» 0. (6.19) 

Now, let Bo = {6oi,. . . ,&o!)!n} be a Pm_i-unisolvent subset of w and let ro be the 
constant provided by Proposition V-1.2 (using w instead of fl). From (III-3.1) and 
(6.17), it follows that 



E - /)(«)!' = o(d-”), d - 0 . ( 6 . 20 ) 

Applying Lemma 6.3, we deduce that, for j = 1, . . . , 9Jl, there exists a family (b^)deD C 
Zj n B(boj , ro) such that 



(^"h-/)(^-) = o(l), d^O. 
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For all d € D, let 8“^ = {6f, . . . , 6^}. By (6.19), there exists C* > 0 such that, for 
any d 6 D sufficiently small, 



Kh - < C-. 

Therefore, by Proposition V-1. 2, (6.15) holds. 

2) Since the family dso is bounded in there exists a sequence (^elhj)jeN’ 



dKdo 



extracted from the family deD ) with £j = e(dj) and hj = h(dj)j for any j € 



and 



lim dj = lim = lim 



j— >+oo j— >+oo 



3-.+00 d^ej 



= 0 



(and so limj_+oo hj = 0), and there also exists an element f* e such that 



/*> weakly in 



(6.21) 



We shall prove that /* = f\u, arguing by contradiction. Suppose that /* ^ f\u,. 
Hence, there exist /? > 0, 6 6 w and r > 0 such that B(b, r) Cui and 

yxeB{b,r), ir{x)-f{x)\>0. 

It follows from (3) in Preliminaries and (6.21) that the sequence converges 

uniformly on 57 to /*. Therefore, there exists jo € N such that 

Vj e N, j > jo, Vx € m.r), l&^X(x) - r(x)l < 



and then 

Vj e N, j > jo, Vx € 5(6, r), 

- /(^)l ^ - /(^)l - 



(6.22) 



Now, by (6.20) and Lemma 6.3, there exists a family (b'^)deD C B(b,r) such that 

- /)(b") = 0(1), d^O. 

In particular, 

in contradiction with (6.22). Therefore, /* = f\,^. 

3) Next, we shall show that 

. ||d^L - /lU.u, = 0. 

J— »+oo J J 



(6.23) 
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Since is weakly convergent to / in and this space is compactly imbed- 
ded into (cf. (2) in Preliminaries), it follows that 



lim 



/l|m-l,w — 0. 



Hence, (6.23) holds if and only if 

= 0 - ( 6 ’ 24 ) 

To prove this last equality, we shall argue again by contradiction. Suppose that 
limj_,+oo —f\m,u 0. Then, there exists a realnumber /3 > 0 and a subsequence 

extracted from ^hat 

V/ 6 N, - /U,. > /3. (6.25) 



Let a be a real positive number such that 

2a'^ + 2a\f\m,o> < 

By point (ii) of Lemma 6.2, there exists ^ € HI such that 



(6.26) 



(6.27) 



Let Ua — We observe that, by (6.2), Ua is an open subset of fl with a Lipschitz- 
continuous boundary such that iUa fi F = 0. Then, by point (i) of Lemma 6.2, there 
exists /iq 6 HI such that 

V/l 6 H, h < ha, OJa C UJh- 



Since limj_+oo hj = 0, there exists € N such that, for all I > la, hj, < min{h*,ha}, 
where h* is the constant given in (6.14). We can assume that la = 0. Thus, for any 
I € N, uJhj^ contains the sets u>a and u>. In particular. 






Reasoning as in points 1) and 2), we deduce that there exists a subsequence of 
)igN weakly convergent to / in H'^{(x>a)- Since there is no danger 

of confusion, in order to simplify the notation, we denote such a subsequence by 
)igN’ sequence from which it is extracted. 

Now, for all / 6 N, we have 






2 

m,uj 



< O', 



£jl ^31 



■f\ 



|2 

- r hj, 



■/I 



2 



+ \f\l 









CJ,A 



m,Whj^ \ula ' 
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Using (6.18), we obtain 

- f\ku < +2|/U,n'|/U,n-W + 0 ( 1 ), / - +oo. 

Taking limits in this inequality, we derive from (6.26) and (6.27) that 

limsup|afj‘ - < 2|/|^ + 2|/U,n'|/U,n'We. < 

;-.+oo 



in contradiction with (6.25). Therefore, (6.24) (and then (6.23)) holds. 

4) We are now in a position to prove that (6.13) holds (assuming, let us remember, 
that ui is an open set with a Lipschitz-continuous boundary). We argue once more by 
contradiction. Suppose that limd_,o||d’^;j — /||m,u ^ 0. This means that there exists a 
real number j3 > 0 and three sequences (dj)jgN, (/ij)jeN and (£j)jeNi with Sj = €{dj) 
and hj = h{dj), for any j 6 N, such that 

lim dj = lim d^Sj -- lim -2- = 0 

j-^+oo 3-+00 J i-^+ao d’Jej 

and 

Vi € N, - /lU,^ > 0 . (6.28) 

But it follows from (6.15) that the sequence is bounded in A 

similar argument to that of points 2) and 3) shows that there exists a subsequence of 
('^£jhj)jeN converges to / in Hence, we get a contradiction with (6.28). 

In consequence, (6.13) holds. 

5) To complete the proof, it remains to show that (6.13) is verified if a; has not 
a Lipschitz-continuous boundary. But, in such a case, by (6.2) and point (i) of 
Lemma 6.2, there exists an open subset u)* off! with a Lipschitz-continuous boundary 
such that tJ* n F = 0 and cu C w* . Hence, for any d 6 D sufficiently small, we have 

W^eh ~ f\\m,ui < W^eh ~ /l|m,u*- 

In addition, the reasoning of points l)-4) proves that 

- /lU.u.- = 0. 

a— »0 

Therefore, (6.13) holds. □ 

Corollary 6.1 - Suppose that hypotheses (III-3.1), (5.1), (5.3), (5.6), (6.1), 
(6.2), (6.3), (6.4) and (6.5) hold. Then, 

a — +0 

where is any extension of that belongs to 



Proof - Let u> be any nonempty open set such that w C H'. Since a> C H and 
57 n F = 0, it follows from Theorem 6.1 that 

]im||^eh-/l|m,w = 0. □ 

a— 
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7 . Approximation OF EXPLICIT SURFACES 
WITH VERTICAL FAULTS 

Suppose we are given an open set in with a Lipschitz-continuous boundary and 
let F he a discontinuity set on We write, as usual, \ F. Likewise, let / 

be an unknown non-regular function over We assume that / belongs to 
for some m' > 3 and that, in fact, / has a jump discontinuity at any point of F. In 
this way, the graph of / is an explicit surface that, in geological language, presents 
a vertical fault on the fault line F. In this context, we consider the approximation 
problem introduced in Section 1, which is commonly stated as follows: 

given two finite subsets Ai and Ah of f2 \ F, the set of values 
{ /(a) \ a& Al) and the set of gradient vectors { V/(a) | o 6 Ajj }, 
construct an approximant 4> of f belonging to with fc = 1 

or 2. 

Remark 7.1 - It is clear that Al and Ah ^e. not necessarily disjoint sets. We 
always assume that Ai is, & nonempty set, but Ah can eventually be empty, in which 
case there is no Hermite data. For the sake of simplicity, Al and .A;/ do not include 
points of F and we have not considered more general first order Hermite data sets 
(as already done in Section 3). Finally, if there are only Lagrange data, it suffices to 
assume that m' >2. □ 

The theory developed in the preceding sections suggests two methods to solve this 
problem. We shall discuss them under different assumptions. 

From now on, we shall denote by E the set of linear forms on Cp(Q') defined by 

E = { u v(a) |a6AL}U{?;i-* | a 6 Ah } 

U { iM-» I a € .Ah }• ^ ^ 

Likewise, we shall write N = card E and, assuming that E is ordered, we shall denote 
by pthe linear continuous operatorfrom Cp(fl') onto given by pv = 



CASE 1: FISA KNOWN POLYGONAL SET 

We suppose that F is a finite union of polygonal lines and that F is part of the input 
data of the problem. 



Method 1 

The first approximation method is directly based on the theory in Sections 4 and 5. In 
this method, one first makes a triangulation 7/, of by means of triangles of diameter 

< h, that satisfies ^4.1). Next, one fixes an integer m and a generic Hermite finite 
element of class , with k <k' and 2 < m < k' + 1, and then, taking Remark 4.2 
into account, one constructs on a finite element space Vh such that (4.2) and (4.3) 
hold. Since the triangular finite elements of class are difficult to implement, one 
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typically has A: = 1 and so one selects k' = \ and m = 2 (this will be the ease for the 
numerieal examples in Section 8, where we have computed discrete D^-splines using 
the Bell triangle of elass C^). Finally, one ehooses a positive number e, verifies that E 
contains a Pm_i(n')-unisolvent subset and finds the Vh-discrete smoothing D^-spline 
Geh relative to p, pf and s. The computation of cTeh is detailed in Remark 4.4. 

Theorem 5.1 justifies that one can take Geh as the solution 0 of problem (7.1), since, 
under suitable hypotheses, G^h — * / in as cardA^ — * +oo. Of eourse, the 

convergenee hypotheses needed in that theorem should be taken into account during 
the proeess of construction of Vh, and the ehoiee of e. To this purpose, one can apply 
many of the ideas expressed in Section VIII-2, mainly based on Theorem Vl-3.2, 
since the hypotheses of this theorem are quite similar to those of Theorem 5.1. 



Method 2 

The theory in Section 6 suggests another way to solve problem (7.1). Now, in a 
first step, one proceeds as explained previously to make a triangulation Th of fi, to 
eonstruct a finite element space Vh and to fix the integer m, so that (4.1), (4.2) and 
(4.3) hold. Next, one finds an open subset ujh of whieh verifies (6.1) and (6.2). This 
ean be easily done, for example, by taking so that uJh is the union of those elements 
in the triangulation Th that do not touch F, i.e. u)h is the interior of UA-gfh 
Th = {K € Th \ K C[ F = <l)}. Of eourse, if Ljh were not eonnected or it had not 
a Lipschitz-continuous boundary, one should refine the triangulation Th or work as 
follows on every connected component of w/i. 

Let Vh be the space of restrictions to u>h of functions in Vh, which satisfies (6.4). Let Eh 
be a set of linear forms defined as E in (7.2), butreplacing Al and Ajj, respectively, 
by AiDuJh and Ah O oJh- Likewise, let ph be the linear continuous operator from 
C^(j2h) onto with Nh = card Eh, given by phV = Once a positive 

number s is chosen and it is verified that Eh contains a Pm-i-unisolvent subset (i.e. 
Ker Ph n Pm-i{(jJh) = {0}), one computes the Vh-discrete smoothing -spline &eh 
relative to ph, phf and e. Finally, one finds an extension Geh of G^h that belongs to 

Under the conditions of Corollary 6.1, G^h tends to / in as card -+ -t-oo. 

Thus, we can consider that (j) = cr^h is a suitable solution of problem (7.1). Let us 
observe, in partieular, that, by (6.3), \ Wh should be a quite “small” open set in 

order to get good approximations of /. 

There exist different ways to extend deh from ujh to Q'. To this end, we propose to 
solve the following problem: find Geh such that 

f deh £ AC = { Uh £ Vh I Vh\uh ~ deh }, (7 3) 

]yvh £ AC, |deh| < khl m,Q’ • 

It is clear that this problem is equivalent to the problem: find deh such that 



deh S AC, 

VUh £ AC, IldehCV < 



( 7 . 4 ) 
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where 

Vtih € Vh, = (^J \vh{x)fdx + K|^,n' j • 

Then, it is readily seen that || • is a Hilbertian norm in Vh and that K is 

nonempty, convex and closed. In consequence, problems (7.3) and (7.4) have a unique 
solution, which is the orthogonal projection of the zero element of Vh onto the set K.. 
We then deduce that deh is also characterized by 

I a^sb e JC, 

where K.q = {vh&Vh\ Vh\a,, = 0 }. 

Let us see how to compute aeh- We denote by i/>i, , . . , (pN^ the elements of and by 
w\, • • • ) WMf the basis functions of Vh, numbered in such a way that 

. . • jtttjg'Icfc} is a basis of Vh (i.e. t/ti, . . .,Wm are the basis functions of Vh 
attached to the nodes that belong to oJh). We remark that, in turn, 
is a basis of /Co. We have 



M M-M 

^eh = ^ 

3=1 j=l 

with aj,Pj 6 M. It is clear that deh = Y^f=i Then, taking account of (7.5) 

and the variational characterization of deh (similar to (4.8)), we see that the vectors 
a = /3 = of unknown coefficients are the solution of 

the linear system 

where 

A = (‘^<(^i))l<i<Nh,l<j<i^> l<j<M ’ 

T^o = ’^2 = ((^M+j>^M+i)min')l<i,j<Af-A? ' 

Of course, a and p can also be obtained by solving, in order, the systems 

{J^A + eUo)a = A^ Phf and U 2 P = -U\a. 

Let us observe that ^ A-\-eTia and 7^2 are symmetric positive definite matrices (7^2 
is the Gram matrix of a basis of Ko in the space {Vh, 1| • IlmV))- 



CASE 2: F IS A KNOWN NON-POLYGONAL SET 

We assume that F is still part of the input data of the problem, but now F contains 
curved arcs. 
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Since F is known, one can find an accurate approximant Fh of F made up only of 
polygonal lines. Of course, the points in Ai U .A// should keep the same relative 
position with respect to F and Fh- Points lying on the “wrong” side of F^ may 
distort the fittings and lead to a bad approximation of / near the discontinuity set. 

Once Fh has been fixed, the approximation methods described for Case 1 can be 
directly applied, replacing F and Q' by Fh and = il\Fh, respectively. For both 
methods, the resulting solutions, a^h c^hs belong to Cp{Q'f^), which is a space 
“close” to Cp{Ct') (the space cited in problem (7.1)) if Fh is a sufficiently precise 
approximant of F. 

Let us finally remark that Theorem 5.1 cannot be applied in the present situation 
and so the convergence of aeh to / can only be conjectured. However, Theorem 6.1 
may still hold, ensuring some kind of convergence of a^h to /. 



CASE 3: F IS UNKNOWN 

In this last case we suppose that the only information relative to / at our disposal is the 
set of values on Al and the set of gradient vectors on Ajj . This is the usual situation 
in many real applications, where one knows position and, eventually, orientation data 
of a surface, but one does not know the location of the fault lines or even whether or 
not the surface is faulted. 

It is clear that any fitting method now requires a preliminary step, which consists 
in finding the approximate location of F. To this purpose, some discontinuity (or 
singularity or fault) detection methods have been recently developed from different 
points of view. Let us cite, among others, the works of G. Allasia, R. Besenghi 
and A. de Rossi [4], T. Gutzmer and A. Iske [77], D. Girard and P.-J. Laurent [70], 
P.-J. Laurent [89], D. Lee [93], S. Mallat and W. L. Hwang [105], M. C. Parra [112], 
M. C. Lopez de Silanes, M. C. Parra and J. J. Torrens [103, 113] and M. Rossini [123, 
124]. 

From the output of any discontinuity detection method, one can usually derive a thin 
compact subset F of fl where F is supposed to be contained and also an approximant 
Fh of F made up of polygonal lines. It is advisable to remove from Al^Ah the points 
belonging to F, since one cannot always be sure that they lie on the correct side of 
Fh- With the set Fh in hand, one proceeds as in Case 2 to finally get an approximant 
of/. 



8. NUMERICAL RESULTS 



In this section, we shall solve problem (7.1) for different non-regular functions, sim- 
ulating the three cases considered in Section 7, to which we shall refer as Case 1, 
Case 2 and Case 3. For every case, we shall use one or both of the two approximation 
methods, i.e. Method 1 and Method 2, described there. 

We keep the notations in Section 7. In all the following examples we assume that 
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• fc = 1 and m = 2; 

• n is the open set (0, 1) x (0, 1); 

• is a subset of ^leooi where i4i6oo is the set of 1600 randomly distributed points 
on n represented in Figure VIII-6, and the set A/r is empty (i.e. there is no Hermite 
data); therefore, the operator pis given by fyv = 

• the finite element space Vh is constructed from the Bell triangle of class (cf. 
Section VIlI-3); 

• the value of e is fixed with the help of the GCV method (cf. Remark VI-3.3 and 
also the comments in Section VIII-6); 

• the relative error is given by (VIII-6. 3) (with instead of when Method 2 is 
applied). 



Example 1 



Let F be the discontinuity set whose closure is the polygonal line of vertices (0.2, 0.2), 
(0.35,0.225), (0.42,0.3), (0.48,0.4), (0.49,0.53), (0.5,0.65), (0.65,0.725), (0.8, 0.75) 
and (0.9, 0.725), and let / : 0 — i E be the non-regular function defined by 



i{x,y) = 



(2a: - 3)2 + {2y - 3)2 
where g denotes the function given by 

0.352 0.32 



+ 5(a:,?/), 



g{x,y) = 



{ exp ^2 + 

0 , 



4- 



(a: - 0.55)2 - 0.352 (y- 0.5)2 



otherwise, 



O being the open subset of the open rectangle (0.2, 0.9) x (0.2, 0.8) that lies above F. 
It is clear that / presents a finite jump discontinuity at any point of F. The set F 
and the graph of / are shown in Figures 4 and 5. 

Assuming that F is known, we are placed under the assumptions in Case 1, so we can 
directly apply Method 1 to fit /. To this end, we make the triangulation Th depicted 
in Figure 4, we construct on the finite element space Vh, whose dimension is 522, 
we set Ar, = Aieoo and finally we compute the Vfe-discrete smoothing £)2-spline a^h 
relative to p, p/ and e = 10“®, represented in Figure 6. 

In this context, it is not worth applying Method 2, since, for any subset Wh of 
verifying (6.1) and (6.2), the set fi \cJ7/i would be relatively “big” and would contain 
a large number of data points. 
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Example 2 



Let us now consider the discontinuity set F = { | 0 < x < 0.9}, with 

^(x) = 0.5 + 0.2sin57rx/3, and let / be given by 






'0.5cos^g(x,y), g(x,y) < tt/2, y > V»(x), 

- 0.25(1 - xf cos^ 5(x, y), g{x, y) < tt/2, y < ip{x), 
0, otherwise, 



with 

y) = ((* - 0-2)^ + (y- 0.7)^) . 

See in Figures 7 and 9 the set F and the graph of /. 

We suppose again that F is known. Since F is a sinusoidal curve, we are now in 
Case 2. In this situation, we first find a polygonal approximant Fh of F made up 
of nine segments (concretely, F^ is the polygonal line of vertices (i/10, ^(i/10)), for 
i = 0, ...,9). Then we make a triangulation Th of and we construct the finite 
element space V^. The set Fh and the triangulation % are shown in Figure 8. The 
dimension of 14 is 492. 

The curves F and Fh delimit a small nonconnected open set W. Points in W cannot 
be used as data points, since they lie below Fh but above F or vice versa. Therefore, 
to apply Method 1, we take Al = 4ieoo H (fi \ W). This set contains 1595 points. In 
these conditions, for e = 10“®, Method 1 yields the 14-discrete smoothing D^-spline 
Oth represented in Figure 10. 

If we directly take Al — i4ieoo, the GCV method also suggests a value of e close to 
10“®, which, in this case, is quite far from optimal. In fact, the corresponding 14- 
discrete smoothing £)^-spline, not shown here, exhibits wide oscillations near the fault 
line. The failure of the GCV method forces a “trial and error” search, after which we 
get the value e = 10~^. The oscillations have almost disappeared (cf. Figure 11). It 
is clear, however, that the quality of the approximation is worse than that obtained 
with the preceding choice of Ai. 

For the same reasons as in Example 1, it is not worth applying Method 2. 



Example 3 

In this example we take the discontinuity set F = { [x,tlt{x)) | 0.15 < x < 0.85 }, 
with ^(x) = 1.4 — 5.8x-F 10. 7x^ - 5.7x^, and the non-regular function f given by 

f{x,y) = gi{x,y)ig 2 {x,y) -h 1.1 - x), 

where gi denotes Franke’s function (cf. (VIII-6.1)) and 52 is defined by 

{ / g 352 g 32 \ 

{x- 0.5)2 _ g.352 + ^y_ 0.6)2 _ g.32 J - 
0, otherwise. 
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Figure 4: Example 1. Discontinuity set F and triangulation 7/,. 



with O = {{x,y) & (0.15,0.85) x (0.3, 0.9) | y > ip{x) }. Figures 12 and 14 show the 
set F and the graph of /. 

We next simulate Case 3, i.e. we consider that F is unknown. Thus, as a preliminary 
step, it is necessary to use a discontinuity detection method in order to get a polygonal 
approximant Fh of F and a compact set F where F is supposedly contained. We 
assume that F and Fh are the sets depicted in Figures 12 and 13. 

In order to apply Methods 1 and 2, we then make a triangulation Th of (see again 
Figure 13), we construct the finite element space Vh, whose dimension is 618, and we 
take Al = .4ieoo H fi \ F, which is a set of 1465 points. 

Figure 15 shows the V)i-discrete smoothing D^-spline a^h relative to p, pf and e = 
10~® yielded by Method 1. Taking = 11 \ F and the same value of e, Method 2 
provides the approximant agh represented in Figure 16. Let us observe that Cgh 
and a eh have been computed from exactly the same data set, since Ai C iDh- Both 
functions are excellent approximants of /. 
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Figure 5: Example 1. Graph of /. 
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Figure 9; Example 2. Graph of /. 
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Figure 10: Example 2. Graph of the Vh-discrete smoothing D^-spline relative to p, 
pf and £ = 10~®, taking as Al the subset of Aieoo formed by the points that do not 
lie in between F and Fh- Relative error: r(/) = 0.0699578. 
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Figure 11: Example 2. Graph of the Vft-discrete smoothing D^-spline relative to p, 
pf and e = 10“^, with Al = jdieoo. Relative error: r{f) = 0.0710063. 
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Figure 12; Example 3. Discontinuity set F and, in grey, the compact set F provided 
by a discontinuity detection method. 
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Figure 13: Example 3. Polygonal approximant Fh of F and triangulation %■ 
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Figure 15; Example 3. Method 1: Graph of the Vji-discrete smoothing D^-spline 
relative to p, pf and e = 10“®. Relative error: r(/) = 0.039826. 
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Figure 16; Example 3. Method 2; Graph of the extension to of the Vh- 
discrete smoothing D^-spline relative to ph, phf and e = 10“®. Relative error; 
r(/) = 0.0399338. 



Chapter x 



FITTING AN EXPLICIT SURE ACE 
ALONG A SET OE CURVES ^ 



1. FORMULATION OF THE PROBLEM 

The problem of construction of surfaces from iso-valued curves (and other problems 
occurring, for instance, in Geology) leads to the following abstract formulation: given 
a finite set of curves F\,. F/v in the closure of a bounded open set in K* (cf. 
Fig 1) and a function / defined on F = U^i construct a regular function </> over 
fl that, in some sense, approximates the function / on F. More precisely, we suppose 
that 

• is an open set with a Lipschitz-continuous boundary (cf. Preliminaries), 

• for any j = 1, . . . , iV, there exists an open set Rj C satisfying the conditions: 

(i) Rj is a connected bounded nonempty set with a Lipschitz- 
continuous boundary, 

( 1 - 1 ) 

(ii) Fj is the whole boundary of Rj, or a part (open for the trace 
topology induced by K^) of this boundary. 



• for the sake of simplicity, / is the restriction to F of a function, denoted by / as 
well, that belongs to the usual Sobolev space where m is an integer > 2, 

and hence, by Sobolev’s Continuous Imbedding Theorem (cf. (4) in Preliminaries), 
continuous on 

and we impose the condition 

(j) € H”'{Vl) n with A: = 1 or 2. 

The problem of the approximation of / on F is a fitting problem along the set of 
curves 

{{x,y,z) & \ z = f{x,v), {x,y)€Fj}, l<j<N. 

When m > fc-l- 1 , the corresponding interpolation problem obviously admits an infinite 
number of solutions, given that, in that case, Then, one can get a 

solution by using J. Duchon’s theory of (m, s)-8plines (cf. [55]). 



^Cf. D. Apprato and R. Arcangeli [8]. 
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Figure 1: Curves Fi, . . . , Fn, with N = 10. 



We obtain another solution in the following way. Let 

IC={v€H"'in)\v\F = f\F}, 



and consider the problem: find a solution of 



<7 E ICy 

VU e 1C, |cr|m,n < 



( 1 . 2 ) 



For any j = let us introduce the Hilbert space L‘^{Fj) of all (classes of) 

square integrable real functions v on Fj, endowed with any Hilbertian norm || • 
defining its topology. This makes sense because of hypothesis (1.1) (cf. P. Gris- 
vard [75], J. Necas [109]). Then, let L'^{F) be the space of all (classes of) real functions 
V on F such that, for any j = 1, . . . , € L'^{Fj), endowed with the norm 



IIq.f 



f N 

Ell 

u=i 




1/2 



Then, we have the following result. 

Theorem 1.1 - Suppose that the hypotheses formulated before on F, m and 
f are verified and, moreover, that the following condition is satisfied: 

Vp € Pm_i(H), (pIf = 0) => (p = 0), (1.3) 

where Pm-\{Cl) denotes the vector space of restrictions to fl of the bivariate polynomial 
functions of degree < m — 1 with respect to the set of variables. Then, problem (1.2) 
has a unique solution. 



Proof - 

1) Reasoning by compactness (cf. J. Necas [109, Theorem 2.7.1]) and taking (1.3) 
into account, it is shown that the mapping | • | on H™(n), defined by 
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is a norm on H™{Q) equivalent to the usual norm || • ||m,n- 

2) The solution a of problem (1.2) is just the element of minimal norm | • | of the 
convex closed nonempty subset K in □ 

So, when m > k+\, we can take <j> = a. Unfortunately, except in very particular cases, 
it is impossible to find a explicitly (as well as any other interpolant) in a form which 
can be used for computing. Of course, in a finite-dimensional space, it is impossible 
to satisfy an infinite number of interpolation conditions. 

Next, we propose to construct a “discrete smoothing D"*-spline” by proceeding as we 
did in Section VI-3 in the case of point conditions. In order to do this, we introduce 
the functional defined on the space by 

= (1-4) 

where we have written l'^[{v — /)^) in place of In this definition, 

— represents an approximant of ||i; — /||q j;. (which is necessary, because this 
term cannot be calculated exactly), e is any strictly positive parameter, fth stands for 
a polygonal open subset that approximates fi, and | • Im.nh denotes the usual semi- 
norm of order m in The function that we are looking for will be obtained 

by minimizing on a suitable finite-dimensional space Vh- 

2 . Approximation of || « | ig ,, 

Suppose we are given 

• a bounded subset E of (0, -l-oo) such that 0 € E, 

• for any € E and for any j = a set {^i}i<t<L of L = liVij) distinct 

points of Fj and a set of numbers A,- = > 0. 

Then we write 

L 

Vt? e E, Vj = 1, . . . , TV, Vt; € C°(F,), (2.1) 

1=1 

and 

N 

Vr? e E, Vt) € C°(f ), i"(t)) = 

j=i 

We assume that 

3C > 0, > 0, Vr? e E, Vj = 1, . . . , TV, 

Vti € |lj(t)2) - ||t)ll^,n. 



( 2 . 2 ) 



( 2 . 3 ) 
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where we have written, as we shall do from now on, v instead of v\pj or . Likewise, 
we shall consider as a continuous linear form on C°(f2) or on for any open 

subset n' containing f2. 

Remark 2.1 - When hypothesis (2.3) is verified, the relation 

Ibllo.f’ ~ ^-^0. 

constitutes an (abstract) numerical integration formula for || ■ ||o Of course, the 
nodes cannot be any points of F. The convergence of this formula as rj — > 0 implies, 
for example, that 

(ry -» 0) =i> ( rnax sup 6{x, Ej) 0 ) , 

where 5( ■ , • ) denotes the Euclidean distance in and Ej is the set of nodes in 
Fj. It also implies, when the points are numbered in a monotone way on every 
curve Fj, that 

(r/ 0) => (. max m£« ^ o). 

How can we obtain explicit formulae? Let us study an example. Suppose, to simplify, 
that N = 1, that F(= Fi) is represented by a single equation 

y = a{x), xel, 

where I denotes some real interval, that the norm |1 • is defined by 
ll^'llo.F = J^v{x,a{x)f {1 + a' {x)^)^^'^ dx, 
and that the points are numbered in a monotone way on F. Then, if we take 



L-i 

F(u) = ^<5(6,|r+iM6), 

i=l 



(2.4) 



L-l 






(2.5) 



i=l 



or also 






L-l 



+ 2 ^(<^te-l>^«) + <5(Ci.^i+l))^'(^i) + 5<5(^r,-l,^L)?^(^L), 



( 2 . 6 ) 



i=2 



we can prove that hypothesis (2.3) is satisfied in the three cases with f = 1 and m = 2, 
provided a is regular enough (of class C^, for instance) and the relation 



3Ci > 0, 3C2 > 0, Vt? 6 E, Vt = 1, . . . , L - 1, Cit? < <5(6. 6+i) < C^v 
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is verified. Thus, the relation Jpv(x)d,3 ~ l^{v) appears to be, for the curvilinear 
integral fp v(x) ds, respectively, a “Left-sided Rectangle Formula”, a “Right-sided 
Rectangle Formula” and a “Trapezoidal Rule”. 

In the general case, the formulae which can be obtained are more complicated, since 
they depend explicitly on the local systems of coordinates that define the curves Fj. 
Flowever, in real problems, more often than not, the curves Fj are polygonal. Then, 
univariate classical numerical integration formulae are available. It is also the case 
when the Fj's are arcs of a circle. □ 



3. Spline fitting 

Suppose we are given 

• a bounded subset M of (0, +oo) such that 0 6 H, 

• a bounded polygonal open set 0 in which contains fi, 

• for any h € H, a triangulation Th of (l by means of elements K with diameters 
liK < h and a finite element space Vh, constructed on 7/,, such that 

Vh is a finite-dimensional subspace of n C*(n), with A: = 1 or 2. (3.1) 

We also suppose that P. Clement’s result (VI-1.7) is verified with q — m. Taking 
(3.1) into account, this result can be stated here in the following restricted form: 

There exists a constant C > 0 and, for any ft 6 H, a linear operator 
II/, : — > Vh such that 

Moreover, 

limit; ^ = 

Remark 3.1 - (Cf. Remark VI-1.1). We recall that the result (3.2) assumes im- 
plicitly the following conditions: 

• the generic finite element {K, Pk, E/f) of the family (V/,)AeH verifies the inclusions 
Pm{K) cPkC H-(il), 

• the family {Th)h&U is regular, 

• for any ft € H, the basis functions of Vh satisfy the uniformity property (VI-1.9) 

with q — m. □ 

Concerning the choice of the generic finite element for the construction of the spaces 
Vk, we refer to Section VlIl-3. Let us remember that, in general, the implementation 
of rectangular finite elements is cheaper than that of triangular ones. 
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Then we proceed as in Section VI-1. For any /i € H, we consider the open set fife 
defined by (VI-1.2), that is, fife is the interior of the union of all elements K £ Th 
which intersect fl (cf. Figure VI-1). Let us recall that the family (flfe)fegm verifies the 
relations 



V/i g H, fl C fife C fl 



and 



lim meaa(flfe \ fl) — 0 
h~~*Q 

(cf. (VI-1.3) and (VI-1.4)). For any Ii 6 H, we also consider the space Vfe given 
by (VI-1.5), i.e. the space of restrictions to fife of the functions belonging to Vfe. In 
virtue of (3.1), Vfe is a finite-dimensional subspace of Ff’”(flfe) lTC*'(fIfe). We suppose 
that the space Vh verifies the condition 

Vufe e Vfe, (ufein = 0) => (ufe = 0). (3.3) 

Notice that, because of (VI-1.2), hypothesis (3,3) is always satisfied in the case of the 
usual polynomial finite elements. 

Then, for any e > 0, for any /i 6 HI and for any i; 6 E, we consider the minimization 
problem: find such that 



e Vfe, 

Vufe e Vfe, < J^Vufe), 



( 3 . 4 ) 



where is the functional introduced in (1.4), with and fife defined, respectively, 
in (2.2) and (VI-1.2). We also consider the variational problem: find solution of 



[Vufe e Vfe, /"(o-^feiife) +e(<z^fe,Vfe)m.nfc = 



(3.5) 



Theoreni 3.1 - Suppose that fl, F, m and f are defined as in Section 7, and 
that hypotheses (VI-1.2), (VI-1.5), (1.3), (2.3), (3.1) and (3.3) are verified. Then, 
there exists /3 > 0 such that, for any h &M. and for any {ri,£) G E x (0, -l-oo) verifying 
the condition 



V 



min(l,£) 



<P, 



(3.6) 



problems (3.4) and (3.5) admit a unique common solution 



Proof - Let ( 77 , e) € E x (0, -l-oo). According to the definition of P, for any Ii g H, 
the symmetric bilinear form a'f defined by 



a^(uh,vh) = l’’(uhVh) +£(uh,Vh)m,nH 
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is continuous on V), x Vk- On the other hand, since Vh C we deduce from 

(Vl-1.3) and (2.3) that 

Vh € H, Vuh € Vh, a^{vh,Vh) > min(l,e)(^llvh||g_j;- + |tihlm,n) (3-7) 

where C is the constant occurring in (2.3). Since the norms | • | (introduced in the 
proof of Theorem 1.1) and || • ||m,n are equivalent on it follows that there 

exists C > 0 such that 

VheH, \/vheVh, a'l{vh,vh)> (C"mm(l,e) - 

Let us take P — C'fNC. Therefore, for any h £ IHI and for any (r?,e) € E x (0, +oo) 
verifying (3.6), hy (3.3), we have 

Vwh 6 Vh, Vh 7^ 0, a'^{vh,vh) > 0. 

Since Vh is a finite-dimensional space, we deduce that the bilinear form is Vh- 
elliptic. Then, the Lax-Milgram Lemma (cf. P. G. Ciarlet [45, Theorem 1.1.3]) yields 
the result. □ 

The function is called Vh-discrete smoothing D”' -spline off relative to F, rj and 
e. Its definition is similar to that of the discrete smoothing Z?"*-splines introduced in 
Section VI-3. 

Remark 3.2 - Let h £ H. Let us denote by M and wi, . , . ,Wmi respectively, the 
dimension and the basis functions of the space V/,. Then, can be expressed as 

M 

j=l 

with aj 6 Ejfor 1 < j < M. Defining the matrices 
and the vector 

we see that (3.5) is equivalent to the problem: find a = (ai)i<t<M solution of the 
linear system of order M 

(B -I- en)a = T. 

In fact, the matrix B and the vector !F can be written in a more appealing form. 
Suppose that N = \ and let , . . . , and Ai , . . . , A^, be the nodes and the coefficients 
of the linear form ij (cf. (2.1)). Then, we have 

B = A^KA and f^ = A^hp, (3.8) 

where 

~ (^j(^i))i<i<L, i<j<M’ A = diag(Ai, . . . , At) and P — if i^i)) (3-9) 

If V > 1, the relation (3.8) still holds, adding to A, A and p the rows associated with 
the corresponding nodes and coefficients of I 2 , ■■■ ,1]^- □ 
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Remark 3.3 - The value of the smoothing parameter £ can be chosen by any of 
the methods cited in Remark VI-3.2. In particular, one can apply the GCV method, 
detailed in Remark VI-3.3. We point out that, with the notations of Remark 3.2, 
the influence matrix Qe is now the matrix A{J(^ hA + e'R)~^ k. The expressions 
of the approximated GCV function V given in (VI-3.5) and (VI-3.6) are still valid, 
taking into account that 

• N should be replaced by the total number of nodes, say L, used to define 

• ( • ) denotes here the Euclidean norm in 

• u is a vector, as in Remark VI-3.3, whose elements take the values 1 and -1 with 
probability 1/2, 

• A and 0 are defined in (3.9), and 

• a and a are the solutions of the linear systems {A^ kA + e'R,)a = k(j and 

{A^ kA + e'R)a = A^ku, with A given in (3.9). □ 

Returning to the initial problem, we propose to take for approximant of / the function 
^ which, by (VI-1.3), (VI-1.5) and (3.1), belongs to n It 

remains to see how 0 approaches /. The following result, given without a proof (which 
can be established by means of compactness arguments and some results of the finite 
element theory), shows that converges to f on F under certain conditions. Notice 
that, by (3.6), is defined for e 6 (0, 1] and rj^/e < (3. 

Theorem 3.2 - Suppose that the conditions of Theorem 3.1 are verified and, 
moreover, that hypothesis (3.2) is satisfied. Then, the solution a^h (3-4) and (3.5) 
verifies the relations: 

(i) for any 6 & (0,m — 1), 



IWeh - = 0 > 

s-*O,rj‘/s<0 

where a denotes the solution of problem (1.2) and (3 is the constant introduced 
in (3.6), 

(ii) for any 6 6 (0,m — 1), there exists a constant C > 0 such that, ai £ — > 0, rj'' /e < (3 
and — > 0, 

IK\ - /II^.F < C'(e + 7,^1) + 

In fact, to study the convergence of to / over the open set Q, we have to examine 
the classical problem of the convergence of the approximation as the number of curves 
^ tends to infinity, in such a way that the family of the corresponding sets F fills up 
Cl (in a sense to be specified). 
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4. CONVERGENCE OE THE APPROXIMATION 

Let us modify the situation of the previous sections. Suppose we are given 

• a subset D of (0, +oo) such that 0 € D; 

• for any d € D, an ordered system of N = N{d) connected nonempty subsets Fj* of 
Q,, with 1 < i < N{d), verifying hypothesis (1.1); we write 

N 

Vd € P, F** = IJ F/. 

f=i 



We suppose that 





3Fo C n, Vd e P, 3jo N{d)}, Fq = F/„ 


(4.1) 


and that 


vp € Fm-i(n), (pIfo) => (p = 0). 


(4.2) 


We keep the notations introduced in Section 2, but with L = L{d,‘q,j), = ^t(d,T/, j) 

and Ai = Xi{d,T],j). It is agreed that, hereafter, Fj, F*^, Ip, l'^'^ and Jp will respec- 
tively replace Fj, F, and 

In order to study the convergence of the fitting, we consider the following additional 
assumptions (where the same letter C denotes various strictly positive constants): 




3C >0, Vd e P, Vj = 1, . . . , N{d), measFj < C, 


(4.3) 




3C > 0, 3f > 0, V(d,T?) G 0 X E, Vj = 1, . . .,N{d), 
Vt; e \lp{v^) - |k||2 ^1 < Cn*\\v\\i^^, 


(4.4) 




lim sup 6{x, Fp = 0, 
Oien 


(4.5) 




N = 0{d~p, d-*0, 


(4.6) 



Vui ^ 0, uj open set c 3Cu, > 0, € N*, > 0, 

VdeP, d<fi, e Al(d)}, (4.7) 

VA: = 1 , . . . , i/, meas(Fj^^ n ui) > Cw 



In these hypotheses, for any d 6 P, any j = 1, . . . , N{d) and any F* C Fj^, measF* 
stands for the measure of F* in the measure space Fj (which is well defined due to 
hypothesis (1.1)), i.e., in colloquial words, measF* is the “length” of F*. 
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Remark 4.1 - Hypothesis (4.1) is a simplifying assumption which is probably not 
essential. 

Hypothesis (4.3) implies that the sets are not too “irregular”. 

Hypothesis (4.4), which is just condition (2.3) with C independent ofd, is not easy to 
be verified in the general case. Fortunately, owing to (4.3), the situation is simpler 
when the curves Fj are polygonal. 

Hypothesis (4.5) means that the Hausdorff distance sup^.^^ S(x, F‘^) from F‘^ to fl 
tends to 0 as d — » 0. This is a classical condition for the convergence of spline 
functions. 

Hypothesis (4.6) expresses a property of asymptotic regularity of the distribution of 
the curves F^ in fl. It is the analogue of condition (III-3.il) introduced in the case 
of the smoothing splines relative to point data. 

Finally, hypothesis (4.7) is an assumption of “minoration” of the lengths of the curves 
Fj^. Hypothesis (4.7) has no equivalent in the case of point conditions. By means of 
counterexamples, one can prove that neither (4.6) nor (4.7) are consequences of (4.5). 

The different conditions (1.1), (1.3), (4.1)-(4.7) concerning the curves FJ^ seem to be 
verified in the modelling of real problems, in particular, in Geology. □ 



For any {d,r),s,h) € D x E x (0, +oo) x H, we again consider problems (3.4) and 
(3.5). Assuming that fl, F'^, m and / are defined as in Section 1, and that hypotheses 
(VI-1.2), (VI-1.5), (3.1), (3.3), (4.1), (4.2) and (4.4) are verified, a reasoning anal- 
ogous to that in the proof of Theorem 3.1 shows that these problems admit, under 
hypothesis (3.6), a common unique solution, now denoted by a'^^. We remark that, 
in (3.6), one can take the constant (3 independently of d. To see this, it suffices to 
observe that, in the proof of Theorem 3.1, the relation (3.7) can be now replaced, for 
any d G D and any {p, e) € E x (0, +oo), by 

'ih G H, Vu/, G Vh, a'l{vh,Vh) > -I- - Cr]*\\vh\\l,^Q, 

where C is the constant (independent ofd) introduced in (4.4). But (4.1) and (4.2) 
imply that the mapping (|| • ||o -b | ■ is a norm on iT’”(n) equivalent to the 

usual norm || ■ ||m,n- Hence, there exists a constant Cq such that 

\/h G H, Vufe G Vh, a'^,{vh,Vh) > (Gomin(l,e) - Cri^)\\vh\\m,n- 
Therefore, one can take P = Cq/C, which is independent of d. 



We have the following convergence result. 

Theorem 4.1 - Suppose that ft, m and f are defined as in Section 1 and that 
hypotheses (VI-1.2), (VI-1.5), (3.1), (3.2), (3.3), (4.1)-(4.4), (4.6) and (4.7) are 
satisfied. Then, for any 7 > 0 and for any £q G (0, tn — 1), the solution of (3.4) 
and (3.5) verifies 



lira 

d— *0, f/d<'y, 0<e<eo 
f /{de)- 



dri 

A/i 



/||m,fi ~ O' 
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Proof - The same letter C denotes various strictly positive constants. 

From now on, condition (3.6) is supposed to be verified, although it is not explic- 
itly mentioned (remember that, under hypotheses (4.1) and (4.2), /3 can be chosen 
independently of d). 

1) Let / € be any extension of / (the existence of / is justified by (5) in 

Preliminaries). Taking Vh — (IIft/)|nhi where 11^ is the operator introduced in (3.2), 
we have 

V(d, 7 j,e,/i) e D X E X (0,+oo) X H, - /)2) + 

Taking into account that E is bounded, it follows from relations (4.3) and (4.4) that 
3C, V(d, 77 ) € P X E, Vj = 1, . . . , N{d), Ipil) < C. 

Hence, 

3C, V(d,i 7 ) € D X E, ("’’((ffh/ - /?) < CN{d)\\liJ ~ 

From Sobolev’s Continuous Imbedding Theorem (cf. (4) in Preliminaries), we have 

\/e > 0, -A c“(n) 

(let us recall that, when 6 is noninteger, is the Sobolev space of noninteger 

order 14-0, whose norm is denoted by || • ^). Using an interpolation method 

between the spaces and (cf., for instance, J. Peetre [116]), we deduce 

from (3.2) that 

V 0 6 ( 0 ,m - 1), 3C, Vh € H, ||nj- 

Summing up the previous results and using (4.6), we obtain 

V0 6 (0,m - 1), 3C, 3do > 0, 'i{d,r],£,h) e D x E x (0, -boo) x H, d < do, 

Now, let us point out that, from (VI-1.3) and (3.2), 

3C, Vh 6 e, \Uhf\m,n, < C. (4.9) 

On the other hand, using (4.1), (4.4) and the definition of jfjl, we obtain 
htl - /llo,F„ < 

Taking (VI-1.3) into account, we have 

k";? - /lm.n < (2/£)4"(4") + 
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Then, it follows from (4.8) and (4.9) that, for any 6 e (0,m - 1), 

V(d, v,e,h)eDxEx (0, +oo) xM,d< do, - /|^,n 

< C(e + 2)(/t2(-‘-«)/(tfe) + 1) + 2|/|^,n + Cr}^\\<7^Jl - 

(4.10) 

Since the mapping (|| • llo,Fo + l ■ lm,n)^^^ is a norm on equivalent to the natural 

norm || • lU,n, we derive from (4.10) that the family (CT^fc)(d,„,e,h)eDxEx(0,+oo)xH is 
bounded in for d sufficiently small, provided e and / {de) remain 

bounded. 

Let us suppose from now on that 

7 > 0, £o > 0, 0 e (0,m- 1), d-* 0, 
rf’/d <7, 0 < £ < £oi 0- 



In this situation, by Corollary 1 in Preliminaries, there exists a sequence (o'j"/J”)n6Ni 
with lim„_+oodn = 0, {rfjdn)n&n C (0,7], (£„)„eN C (0,£o], (r/(^/min(l,£„))„eN C 
(0,/3) andlimn-.+oo = 0, extracted from thefamily (cr^JI), and there 

also exists an element /* 6 such that, as n — » + 00 , 

/*. weakly in 



2) Let us prove that f* = f reasoning by contradiction. Suppose that f* ^ /. Then, 
there exists a nonempty open set u) contained in fl and a real number q* > 0 such 
that 

Va: e w, |/*(a;) - f{x)\ > a*. 

But (o'j"^”)neN tends weakly to/* in and therefore converges strongly in 
C°(Q). Consequently, 

3q > 0, Bn' e N, Vn e N, n > n' , Va: € u, |<T^"^"(a;) - /(a;)| > a. 
Furthermore, we have from (4.7) 



3C„ > 0, € N*, Bn" € N, Vn e N, n > n" , 

C {l,...,N(dn}), = meas{Ff^Duj) > C„. 



Let 



Vt' e N*, Vn e N, n > n", '^{u,n) - - /H 



fc=i 



O.F^" ' 
’ Ik 



We infer that 

Vn G N, n > max{n',n"), '^{u,n) > ua^C^,- 



On the other hand, under conditions (4.11), it follows from (4.4), (4.6), (4.8) and 
(4.9) that 

3(7, Vf 6 N*, Vn € N, n > n", «'(;/, n) < (7 (£q + 7). 
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Hence, we get the relation 

Vn € N, n > max(n',n"), i>ot^Cu < C{eQ + 7 ), 
which yields a contradiction as 1 / — > + 00 . 

3) Let us now show that 



lim 

n— »+oo 



Ik 



dnVn 



/||m,n — O' 



Since the injection from into /T" '(fi) is compact, we derive from points 1) 

and 2 ) that, as n — > + 00 , 



<r^2hn strongly in 

On the other hand, under conditions (4.11), we have from condition (4.8) 

^ + o(l), n -» + 00 . 

Now, for any /i € H, 



|lnh/lm,fl(, ~ < 1/ nh/|m,rih 

and the right-hand member tends to 0, as h 0, because of (3.2) and (VI-1.3). 
Using (VI-1.4), we get 



n—*\) 



Hence, 



1 2 



|c^;xim,n < l/lm,n + o(l). Ti- 
from which we deduce that 

l»a; - /t,a < 2|/li.a - 



+ 00 , 

+ 0(1), n-> + 00 , 



Then, 

and the result follows. 



lim I 

n— »+oo' 



1 ^ 



d-nVn 

£n^n 



~ /lm,n — 0, 



4) Finally, let us prove that 

limiksh - /IU,n = 0, 

where the limit is to be taken in the sense of the conditions (4.11). Let us reason 
by contradiction. Suppose that the previous relation does not hold under condition 
(4.11). This comes down to saying that there exists q > 0, 7 ' > 0, Sq > 0, O' £ 
(0,m - 1) and {{(Ki,'nn>^n>^n))nen' ^ sequence in D x E x (0,£ol x HI, such that 
d'n -> 0 , v'n/d'n < t'. niin{l, 6 ^) < /3 and V^n^n 0 . verifying 

Vn € N, - /11m, n > a. 

But such a sequence is bounded in H'^(Q) and the previous reasoning leads to 
contradiction. 



□ p: 
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Remark 4.2 - Theorem 4.1 can be stated in the following way: the solution 
of (3.4) and (3.5) converges to / in H"*(n) through the filter basis B ~ { Br,s \ 
r > 0, s > 0}, with Br,a = {{d,i],e,h) € ID) x E x (0,£o] x M | d < r, rj^/d < 
7 , 7]^/ min{l,e) < 0, / dk < s} . □ 

Remark 4.3 - When e — > 0 (which is, in certain respects, a restrictive condition), 
we can obtain a convergence result which does not require hypothesis (4.7), but uses 
hypothesis (4.5). We reason as follows. 

For any d 6 D, we consider the “interpolating spline” solution of the problem 
(analogous to (1.2)): find solution of 

where 

K!^ = {v€H^(U)\v\f^= f\Fd). 

It is clear that the family is bounded in Moreover, itfollows from 

(4.5) that, for any x 6 fi, 

3(x‘*)deD> (Vd € D, x** € F'^) and (x = lim x^*), 

d — ►O 

Then, reasoning as in the proof of Theorem 11-5.1, we show that 

lim ||cr'^ - /l|m,n = 0. 

o— >0 

This result, together with that of Theorem 3.2, proves that under hypotheses (VI-1.2), 
(VI-1.5), (3.1), (3.2), (3.3) and (4.1)-(4.6), the solution of (3.4) and (3.5) verifies 

liin 11^^^ - /lU,n = 0. □ 

s-tO, n /e<0 

5. Numerical RESULTS 

To illustrate the smoothing method developed in this chapter, we have considered 
several sets F of data curves, depicted in Figures 2-5. They allow us to exemplify the 
fitting of a surface from either a geometrically simple set of curves, or a set of parallel 
cross-sections, or a set of iso-valued curves. Figures 2-5 also show, marked with dots, 
the nodes , . • . , that we have chosen on every curve Fj C F in order to define 
the linear form /J, introduced in (2.1). We have applied the theory of Sections 1, 
2 and 3, setting m = 2 and taking as Ij the expression (2.6), corresponding to the 
Trapezoidal Rule. Expressions (2.4) and (2.5) also verify (2.3) and are simpler, but 
the Trapezoidal Rule is probably numerically better than the Rectangle Formulae. 
We indicate in Table 1 the total number of nodes used to compute 1*), as well as 
the number N of simple curves (open arcs or closed curves) contained in F. 

As in Section VIIl-6, the testfunction / is either Franke’s function (cf. (VlIl-6.1) and 
Figure VIII-8) or Nielson’s function (cf. (VIlI-6.2) and Figure VIII-13), both defined 
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F 


Figure 2 


Figure 3 


Figure 4 


Figure 5 


N 


10 


11 


14 


28 


No. nodes 


282 


220 


278 


528 



Table 1: Number N of the curves that compose F and number of nodes fixed on 
F to define 



on fl = (0, 1) X (0, 1). Likewise, we have set n = f2, we have taken a triangulation Th of 
Cl made up of 7 x 7 equal squares and we have constructed on a finite element space 
Q from the Bogner-Fox-Schmit rectangle of class C*. Once again we have = fl, 
Th = Th and Vh = Vh- The dimension M of Vj, is 256. 

For every test function /, we have computed a Vh-discrete smoothing D^-spline for 
every one of the sets F represented in Figures 2, 3 and 4, if / is Franke’s function, or 
in Figures 2, 3 and 5, if / is Nielson’s function. All these splines are shown in Figures 
6-11. We have written at the foot of each figure the specific value of £ corresponding 
to every spline, as well as the associated relative error, given by (Vlll-6.3) with 
instead of cjeh- 

In every case, the value of £ has been fixed with the help of the GCV method (cf. 
Remark 3.3). First, we have set e as an estimate of the minimum of the approximated 
GCV function V, which is around 10~^ in most of these examples. Then, if needed, we 
have progressively increased the parameter e, without entering the interval on which 
V has steep slopes, until we have found a visually more acceptable approximation. 
For the sake of completeness, we include the plot, in a logarithmic scale, of every 
function V (cf. Figure 12). 

These examples show that the quality of the fitting is influenced not only by the 
quantity of data at our disposal, but also, even more strongly, by the distribution 
of the data. This fact can be observed in the approximants of Franke’s function, 
obtained from data sets with almost the same number of curves and a similar number 
of nodes. The three approximants of Nielson’s function exhibit much more apparent 
differences, mainly due to the diverse locations of the data curves. 
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Figure 6: Fitting of Franke’s function. Graph and contour plot of the discrete smooth- 
ing D^-spline of class relative to e = 5 • 10~’^ and the set F of curves shown in 
Figure 2. Relative error: r(/) = 0.00688667. 
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Figure 7: Fitting of Pranke’s function. Graph and contour plot of the discrete smooth- 
ing D^-spline of class relative to e = 10~'^ and the set F of curves shown in Figure 3. 
Relative error: r(/) = 0.00274627. 
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Figure 8: Fitting of Franke’s function. Graph and contour plot of the discrete smooth- 
ing £)^-spline of class relative to e = 10“^ and the set F of curves shown in Figure 4, 
Relative error: r(f) = 0.0256927. 
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Figure 9: Fitting of Nielson’s function. Graph and contour plot of the discrete smooth- 
ing D^-spline of class relative to £ = 5 • 10~® and the set F of curves shown in 
Figure 2. Relative error: r(/) = 0.101072. 
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Circles 



Segments 



Levels 




Circles 



Segments 



Levels 



Figure 12: Plot of logxo V(e) versus logjoC. Top; Pranke’s function, bottom; Nielson’s 
function. The labels Circles, Segments and Levels refer, respectively, to the data 
sets represented in Figures 2, 3 and 4, for Pranke’s function, or in Figures 2, 3 and 5, 
for Nielson’s function. 







Chapter XI 



FITTING AN EXPLICIT SURE ACE 
OVER AN OPEN SET ^ 



1. FORMULATION OF THE PROBLEM 

The problem that we propose to study in this chapter can be formulated as follows: 
given a bounded open set f2 in R" and a regular function / defined on a nonempty 
open subset u; of construct over f2 a regular function ^ that approximates, in a 
sense to be defined, the function / on w. More precisely, we suppose that 

• n is an open set in R" with a Lipschitz-continuous boundary (cf. Preliminaries), 

• for the sake of simplicity, / is the restriction to a; of a function, denoted by / as 

well, that belongs to the usual Sobolev space where m is an integer > n/2, 

and we impose the condition 

(t> e n C*=(0), with A; = 1 or 2. 

The main example of this situation, when n = 2, is that of fitting a surface of explicit 
type on an open subset of its domain of definition. In the applications, the set w is, for 
instance, a finite union of nonempty pairwise disjoint subdomains of f) (cf. Figure 1). 

When m > fc + n/2, the inclusion C C'°{Q) holds. It follows that, in this case, 

the interpolation problem corresponding to the general problem considered above 
obviously admits an infinite number of solutions. Unfortunately, it is quite impossible 
to find a explicitly (as well as any other interpolant) in a form which can be used for 
computing. 

Next, we propose to construct, as the approximating function </>, a “discrete smoothing 
D"*-spline”, adapted from the theory in Section VI-3. We shall proceed in a way quite 
similar to that of Chapter X. 



2. SPLINE FITTING 

Suppose we are given 

• a bounded subset E of (0, +cx)) such that 0 € E, 

^The origin of this chapter is an unpublished joint work by D. Apprato and R. Arcangeli. We 
also refer to C. Gout [72] and D. Apprato and C. Gout [11, 12]. However, we do not agree with the 
point of view that the latter authors adopt in the study of the convergence. 
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Figure 1: Example of open subset composed of four subdomains. 



• for any r; € E, a set {^i}i<t<L of L = L{rf) distinct points of u) and a set 

{Ai}i<i<L of numbers = Aj(??) > 0. 



Then we write 



L 

Vt? 6 E, Vu € C^U), I'^iv) = ^Aiti(ei). 

i=l 



(2.1) 



From now on, we shall consider as a continuous linear form on or on C°(f2'), 

for any open subset fi' containing fl. 

We assume that 



3C > 0, 3t > 0, Vr/ e E, 

Vu € in(v^) - \\v\\lJ < Cv^\\v\t^n- ■ 

Remark 2.1 - When hypothesis (2.2) is verified, the relation 

~ t? -• 0 

constitutes an (abstract) numerical integration formula for || ■ ||q^^. Of course, the 
nodes cannot be any points of uJ. The convergence of this formula sts rj —* 0 implies 
that 

(sup5(x,=:) o), 

^xeoj / 

where d( • , ■ ) denotes the Euclidean distance in and H is the set of the nodes 

There exist explicit formulae verifying (2.2). Suppose, for instance, that ui is poly- 
hedral. For any 77 € E, let be a triangulation of U by means of n-simplices K 
with diameters < 77 . There exist numerical Pm- 1 (iT)-exact quadrature formulae of 
the type 

f N 

/ v(x)dx ~ (measAT) Civ{xiK), 

ti 
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where the coefficients Ci and the points XiK € K classically denote the weights and 
the nodes of the formula. It is not necessary that the weights be positive, but this 
is a convenient feature to ensure the numerical stability of the formula. To clarify, 
it is agreed that XiK — for i = where Fk is an invertible affine 

mapping such that if = Fk{K), K denoting a fixed n-simplex in K" and Xi € if, for 

Let us suppose that m>n. Let O be any open set in R" and let v € Using 

Leibniz’s Formula, one verifies that € W”^'^{0) (cf., for instance, R. A. Adams [1] 
for the definition of this classical Sobolev space) and that 

< ^ 111111 ^, 0 . 

where | • |m,i,C) stands for the usual semi-norm of length min and C 

is a constant independent of O. If O has a Lipschitz-continuous boundary (cf. 
Preliminaries), then v € C^{0) (cf. Theorem (3) in Preliminaries) and, therefore, 

O 

Let us denote by if and diam K the interior and the diameter of any n-simplex K. 
From the above considerations, we deduce that there exists some constant C such 

that, forany if € T,, and for any v e W'^'^{K) n ^“(if), 



/ v{x) dx - (meas if) Civ{xn() 

Jk i=l 



< C|t,|m,i,ir(diamif)'’ 



(cf. P. G. Ciarlet [45, Problem 4.1.4], where a proof of this result, by passing to the 
reference element K and using the Bramble-Hilbert Lemma -cf. [45, Theorem 4.1.3]-, 
is proposed). 

Now, let us write 



N 

\fv € l^(v) = ^ (measif)^Cii;(xiif). 

KeT„ i=l 



Then, one can verify that, when m>n, the formula (2.2) with defined as above, is 
satisfied for t = m. Notice that, in this example, the constant C of (2.2) is independent 
of U). □ 



Remark 2.2 - Condition (2.2) implies that there exists Tjo > 0 such that, for any 7/ € 
En (0,J7o], the set {^i(t7)}i<i<t(,j) contains a Fm-i-unisolvent subset. To prove this, 
we reason by contradiction. If the result is false, there exists a sequence (r/„)neN C E 
such that lim„_^-oo»7rt = 0 and, for any n € N, the set {^t(7?n)}i<<<L(t)„) does not 
contain a Pm-l -unisolvent subset. Hence, there exists a sequence (Pn)neN C Pm-i(n) 
such that, for any n € N, p„ ^ 0 and, for i = 1, . . .,L{r]n), Pni^iiVn)) = 0. It follows 
from (2.2) that 

Vn 6 N, llpnllo.u, < Crfjpnfm^n, 

and so, since (p„)„gN C 

Vn e N, ||p„||g,„ -b < Ctj* ||p„||^,n. 
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1 /Q 

But the mappings (|| • ||o^y + | • |^_q) ^ and || • are equivalent norms on 
Therefore, there exists C' > 0 such that 

Vn € N, C" < Cnl 

which leads to a contradiction as n — > +oo. □ 



Next, suppose we are given, as in Section X-3, 

• a bounded subset H of (0, +oo) such that 0 6 H, 

• a bounded polygonal open set in K" which contains 

• for any h 6 H, a triangulation of (2 by means of elements K with diameters 
/lA" < h and a finite element space Vh, constructed on Th, verifying hypotheses 
(X-3.1) and (X-3.2). 



Then, we again proceed as in Section VI-1. For any 6 H, we consider the open 
set fl/j defined by (VI-1.2) (cf. Figure VI-1). We remember that thefamily {^h)heu 
satisfies relations (VI-1.3) and (VI-1.4). Likewise, for any /i € H, we also consider 
the space Vh defined by (VI-1.5). In addition, we suppose that thefamily (Vfc)/igiHi 
verifies condition (X-3.3). 

Lastly, for any (r?, £,h) eE x (0, +oo) x HI and for any v E we write 

= (2-3) 



where/') is the linear form defined in (2.1), and/is written instead of /In^, / € H"'{Cl) 
denoting any extension of / (whose existence follows from (5) in Preliminaries). 

Then, for any £ > 0, for any h £ H and for any ?? € E, we consider the minimization 
problem: find solution of 






(2.4) 



and also the variational problem: find solution of 



VUA € Vh, +£(<T^ft,Vh)m,nfc =l'^{fVh)- 



(2.5) 



Theorem 2.1 - Suppose that f2, cu, m and f are defined as in Section 1 and that 
hypotheses (VI-1. 2), (VI-1. 5), (X-3.1), (X-3.3) and (2.2) are verified. Then, there 
exists p > 0 such that, for any /i 6 H and for any {f},s) £ E x (0, +oo) verifying the 
condition 

- 

min(l,e) ’ 

problems (2.4) and (2.5) admit a unique common solution 



( 2 . 6 ) 
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Proof - Let {t],£) € E x (0,+oo). According to the definition of P, the symmetric 
bilinear form defined by 

a^{Uh,Vh) = l"'{UhVh) + £{Uh,Vh)m,(lH 

is continuous on V/, X Vh- On the other hand, since Vh C we deduce from 

(VI-1.3) and (2.2) that 

V/i e H, Vtih e Vh, a^{vh,Vh) > min(l,£){||i;hl|g,„ + - Ct?‘||i;h||^ n. 

where C is the constant occurring in (2.2). Since the norms (|| ■ ||o a; + 1 ' Im n) 

II • ||m,n are equivalent on (cf., for instance, J. Necas [109, Theorem 2.7.1]), 

it follows that there exists C' > 0 such that 

\/h € H, Vuh € Vh, a^g{vh,vh) > (C'min(l,e) - C' 7 ]*)|lt;hll^n- 

Let /3 — C'fC. Therefore, for any 6 HI and for any {rj,£) € E x (0, +oo) verifying 
(2.6), by (X-3.3), we have 

Vtih € Vh, Vh ^ 0, a^{vh,Vh) > 0. 

Since Vh is a finite-dimensional space, we deduce that the bilinear form aj is 14- 
elliptic. Then, the Lax-Milgram Lemma (cf. P. G. Ciarlet [45, Theorem 1.1.3]) yields 
the result. □ 

The function is called Vh-discrete smoothing D’^-spline off relative to u), r) and 
£. Its definition is similar to that of discrete smoothing D^-splines introduced in 
Section VI-3 and its computation is done exactly as already explained in Remark 
X-3.2 for the smoothing D"*-spline of / relative to the set of curves F, r) and e. See 
also Remark X-3.3 for the application of the GCV method in order to determine the 
value of e. 

Remark 2.3 - The result of Theorem 2.1 can be obtained under weaker conditions. 
Let us assume that only (VI-1. 2), (VI-1.5), (X-3.1) and (2.2) hold. It follows from 
Remark 2.2 that there exists rjo > 0 such that, for any 77 € E G ( 0 , 770 ], the set 
{^t(t?)}i<i<L(ri) contains a Pm_i-unisolvent subset. Hence, one easily shows that, for 
€ H X E, with 77 < 770, the mapping | • defined on 14 by 

is a Hilbertian norm on the (finite-dimensional) space I 4 . Then, it is deduced from the 
Lax-Milgram Lemma (cf. P. G. Ciarlet [45, Theorem 1.1.3]) that, for any {h,r),e) € 
HI X E X (0,-hoo), with 77 < 770, problems (2.4) and (2.5) admit a common unique 
solution <^eh- ° 

Then, we propose to take as a solution of the initial problem the function (j> = 

Before studying the problem of the convergence of the approximant 0 to / on when 
the open subset ui tends to Cl (in a sense to be stated precisely), let us give without a 
proof a convergence result of £7^^ to f on u) supposed fixed. Notice that, by (2.6), 
is defined for e S (0,1] and rfle < (3. 




204 



Multidimensional Minimizing Splines 



Theorem 2.2 - Suppose that the conditions of Theorem 2.1 are verified and, 
moreover, that hypothesis (X-3.2) is satisfied. Then, the solution of (2.4) and 
(2.5) verifies the relations 

(i) lim \Wph ~ — 0, where a denotes the unique element of minimal 

semi-norm | • |m,n of the set {v € \ v = f on u>} and /3 is the constant 

introduced in (2.6), 

(ii) there exists a constant C > 0 such that, ai e — > 0, if /e < f3 and 0, 



3. CONVERGENCE OF THE APPROXIMATION 

Let us modify the previous situation. Suppose we are given 

• a subset D of (0, +oo) such that 0 6 D, 

• a family (oi‘^)dgD of nonempty open subsets of f2 such that 

lim meas(n \ 01 “*) = 0. (3.1) 

d — ^0 



We have the following result. 

Theorem 3.1 - Suppose that (3.1) holds. Then, there exists do > 0 such that 
the mapping J • |d, defined for any d eU> by 

Vue/f-(f2), Md = (||^>|lg,„. + |u|^,^)'/^ 
is a norm on uniformly equivalent over DPI (0,do) to the norm || • ||tn,fl- 

Proof - For any d € D, it is obvious that 

Vu e Hd < ||u|U,n. 

On the other hand, for any d € D and any v € one has 




> |w|o,n - mea;S(n \w“*) sup|u^(x)|. 

xeci 

By Sobolev’s Continuous Imbedding Theorem (cf. (4) in Preliminaries), there exists 
a constant C > 0 such that 

\/v € sup|u(x)| < C||u|U,n. 

xen 
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1 /2 

Since the norms (| • |q ^ + | • and || • ||m,n are equivalent on (cf.,for 

instance, J. Necas [109, Theorem 2.7.1]), there exists a constant C' > 0 such that 

From this, we deduce that there exist constants C > 0 and C' > 0 such that 

Vd G D, Vt; G Ml > {C^ - meas(n \ oi'")) 

Let C" be any constant belonging to (0,C^). Then, taking (3.1) into account, we can 
choose do such that 

(d < do) =► (C'^ - meas(fi \ > C"^). 

This completes the proof. □ 

We keep the notations introduced in Section 2, but with L = L(d, ??), = ii{d, rj) and 

At = At(d, 77 ). It is agreed that, hereafter, w**, and will respectively replace u), 
and 

Now, we formulate the hypothesis 

3(7 >0, 3t > 0, V(d, 77 ) G D X E, 

Vt; G < C77‘||7;||^,n, ^ ’ 

which is just condition (2.2) with C independent ofd. Notice that (3.2) is realistic 
(cf. Remark 2.1). 

We consider again problems (2.4) and (2.5). Assume that m and / are defined as 
in Section 1, and that hypotheses (2.2), (X-3.1), (VI-1.2), (VI-1.5) and (X-3.3) are 
verified. Then, under condition (2.6), both problems admit a common unique solution, 
now denoted by Notice that the constant — C /C in (2.6) is independent of d, 
owing to Theorem 3.1 and hypothesis (2.2). 

Theorem 3.2 - Suppose thatil, m and f are defined as in Section 1 and that 
hypotheses (VI-1.2), (VI-1.5), (X-3.1), (X-3.2), (X-3.3), (3.1) and {3.2) are satisfied. 
Then, the solution of (2.4) and (2.5) verifies 

where (3 is the constant introduced in (2.6) 

Proof - Let us recall that, by (2.6), is defined for e G (0, 1] and rf /e < 13. 

1) Let / G be any extension of /. Let us consider the expression (2.3) defining 

and take v = where Dh is the operator introduced in (X-3.2). Then, 

using (VI-1. 3), we have 



\/{d,r,,£,h) G D X E X (0,+oo) X H, J^JUUhl) = - f)^) + e\UHft^n,r 
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It follows from (3.2) that 

j^JUfiJ) < \\uj - fWl^. + Cn^WJihf - f\\l,n + e|nh/l^,n.- 

Given that, for any € H, 



we infer from (VI-1.3), (X-3.2) and (VI-1.4) that 

— l/lm.st' (3'3) 

h.^0 

Then, we derive from (2.4), (VI-1.3) and (X-3.2) that, for any {d,r),£,h) € D x E x 
(0, +oo) X El such that e e (0, 1] and < (3, 

< ^^’”0(1) + ^‘o(l) + e(|/|^,fi + 0(1)), h ^ 0. (3.4) 

Likewise, from (3.2), we get 

jM^h) > \wtJl - /lit-' - - /II-.0- 

Then, we deduce from Theorem 3.1 that there exists a constant C > 0, independent 
of d, such that 

(1 - cW)htJl - fwl^^ < + cWWeJl - f\l,n- 

Let T]o be any constant verifying the condition C't]q < 1. Taking (3.4) into account, 
we see that there exist constants C" > 0 and C" > 0 such that, for any (d, r), e, h) S 
D X E X (0, +oo) X HI such that e € (0, 1], rf je < /3 and r] < rjo, the following relation 
holds: 

\WsJl - /llo,w^ <C’W\crp^ - f\l,a + 

+ V*o{3) + e(C'"'|/|^_n + o(l)), /i — > 0. 

Suppose now that the conditions of the Theorem are satisfied, i.e. that d — > 0, e — ► 0, 
rf /e < /3, /e — » 0. Moreover, assume that rj < tjo. It follows from (3.4), (3.5) and 
the definition (2.3) of that the terms l<7g)J|m,n and ||(T^^ — /||o,u'i are bounded. 
Then, Theorem 3.1 shows that the family (iTg^) is bounded in Therefore, by 

Corollary 1 in Preliminaries, there exists a sequence with lim„_,+oo<^n = 

0, lim„_+oo£n = 0, (t?yen)„gN ^ lim„^+oo = 0, 

extracted from the family and an element /* G H'^{Q.) such that, as n — > +oo, 

^1”?: ^ weakly in /f'”(fi). 

2) Let us show that f* = f. Given that C L^(fl) (resp. C C°(H)), 

according to the Rellich-Kondrasov Compact Imbedding Theorems (cf. (2) and (3) 
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in Preliminaries), we have 






lim II 

.-*+00 



ydrxTJn 



-/II 



o.n 



< lim 
n— *+00 



(ll<";?: - /llo,U.-n + ll<"^: - fWln\.<‘n) • 



The two terms in the right-hand member tend to 0 as n — * 
and the second, because it is bounded by the quantity 

which, by (3.1), goes to 0 as n — ► + 00 . Thus f* = f. 

3) Now, let us show that 



lim 

n— »+oo 



\\—dn 1 )n 



- /Ilm,n = 0. 



+ 00 , the first, by (3.5), 



Since the injection of H”^{Q,) into H'^ is compact (cf. (2) in Preliminaries), it 
follows from points 1) and 2) that 



/- strongly in 

On the other hand, we deduce from (3.4) that 

< l/lm,n + o(l), n +00. 



Then, we have 



I_dn»?n 



Hence, 




< 2 |/|^,n - 2 + o(l), n +00. 



and the result follows. 

4) Finally, let us prove that, as d — » 0, e — ► 0, r/*/e < /?, h^'”/e — * 0, 



limlk^h - /lim.n = 0. 



Let us assume that the relation does not hold under the above conditions. This 
comes down to saying that there exists a > 0 and a sequence 

in D X E X (0,+oo) x H, such that d'„ 0, t}'„ —* 0, r]'„*/e'„ < ^ and /e'^ -» 0, 

verifying 

Vn £ N, - /llm,n > Q. 

But such a sequence is bounded in and the previous reasoning leads to 

contradiction. 



Remark 3.1 - (Cf. Remark X-4.2). Theorem 3.2 can be stated in the following way: 
the solution < 7 ^^ of (2.4) and (2.5) converges to / in JI"‘(Q) through the filter basis 
0 = { | 9 > 0 , r>0, s>0}, with = { (d, » 7 , e, h) 6 D X E x (0, + 00 ) x H | 

d < g, e < r, •q*'/e < /?, < a }. □ 



□ p 
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u> 


Figure 2 


Figure 3 


Figure 4 


Figure 5 


card T,, 


320 


288 


106 


222 


meascj 


0.215095 


0.307692 


0.144556 


0.296289 



Table 1: Number of triangles in the triangulation T,, of u and area of u). 



4. NUMERICAL RESULTS 



We conserve the notations f, Cl = Cl = ilh, Th = Th and Vh = Vh introduced in 
Section X-5. 

We shall show the behaviour of the smoothing method presented in this chapter by 
fitting Franke’s and Nielson’s functions (cf., respectively, (VIII-6.1) and (VIII-6.2), 
and also Figures VIII-8 and VIII-13), from three different polygonal data sets ui, two 
of which are shared by both test functions. The geometry of these sets, which can be 
seen in Figures 2-5, resembles that of the sets F used in Section X-5. 

We have applied the theory of Section 2, setting m = 2 and defining the linear form 
introduced in (2.1) as follows: 

KeT „ V j=l i=4 

where is a triangulation of uJ and, for any triangle if € T,,, XiK) ■ ■ ■ ,XfK are, in 
increasing order, the three vertices, the three midpoints of the sides and the barycenter 
of K. Table 1 indicates the number of triangles in T,, and also the area of w (let us 
observe that measfl =1). 

It is clear that the above expression ofP has been obtained, as detailed in Remark 2.1, 
from a P 3 (if)-exact quadrature formula. According to this remark, since m = 2, it 
would be sufficient to choose a Pi (if )-exact quadrature formula, such as 

/ v{x)dx ^ {measK)v{aK), 

JK 

where ax denotes the barycenter of K. However, the implementation of this formula 
has given slightly poorer results. 

We have computed six V^-discrete smoothing D^-splines cr^^, one per test function and 
data set, represented in Figures 6-11. In every case, we have chosen the smoothing 
parameter e following the strategy described in Section X-5. Finally, we present the 
plots of the approximated GCV functions V in Figure 12. 
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Figure 4: Set w and triangulation T,,. Third case. 




Figure 5: Set u) and triangulation T^. Fourth case. 
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y 



1 



X 



Figure 6; Fitting of Pranke’s function. Graph and contour plot of the discrete smooth- 
ing D^-spline of class relative to e = 10~^° and the set w shown in Figure 2. 
Relative error: r(/) = 0.0169289. 
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Figure 7: Fitting of Franke’s function. Graph and contour plot of the discrete smooth- 
ing D^-spline of class relative to e = 5 • 10“^^ and the set to shown in Figure 3 
Relative error: r(f) = 0.00444455. 
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Figure 8: Fitting of Franke’s function. Graph and contour plot of the discrete smooth- 
ing £>^-spline of class relative to £ = 5 • 10~^° and the set w shown in Figure 4. 
Relative error; r{f) = 0.0527779. 
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Figure 9: Fitting of Nielson’s function. Graph and contour plot of the discrete smooth- 
ing D^-spline of class relative to e = 5 • 10~^° and the set w shown in Figure 2 
Relative error; r{f) = 0.168407. 
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Figure 10: Fitting of Nielson’s function. Graph and contour plot of the discrete 
smoothing D^-spline of class relative to e = 10“^° and the set u shown in Figure 3. 
Relative error: r(f) = 0.0291339. 
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Circles 



Rectangles 



Levels 



Figure 12: Plot of logioV(e) versus lognje. Top: Franke’s function, bottom: Nielson’s 
function. The labels Circles, Rectangles and Levels refer, respectively, to the data 
sets represented in Figures 2, 3 and 4, for FVanke’s function, or in Figures 2, 3 and 5, 
for Nielson’s function. 










Chapter xil 



APPROXIMATION OF 
PARAMETRIC SURFACES 



I. INTRODUCTION 



The previous chapters in Part C dealt with the approximation of a real function 
over an open set in or, more generally, in R". The case n = 2 corresponds, 
from a geometric point of view, to the approximation of explicit surfaces. However, 
this type of surfaces does not suit the modelling of a lot of real problems. Let us 
quote, for example, the reconstruction of certain geological structures (gas or oil 
fields, overlapping folds, etc.) or the design of industrial components, coachworks, 
fuselages, etc. In these situations, we have to represent in a parametric form the 
surfaces occurring in the problem. 

We shall give here a brief introduction to the approximation problems for parametric 
surfaces. In Section 2, the problems that we are going to face will be formulated 
precisely. Moreover, an intrinsic difficulty of these problems, namely the lack of 
a natural parameter system for the data points, will be considered. In Section 3, 
we shall adapt the discrete smoothing £)"* -spline theory developed in Section VI-3. 
Section 4 will be devoted to the convergence study and, finally, in Section 5, some 
numerical examples will be given. 

Hereafter, we shall need some additional notations. We denote by pi , p 2 and ps the 
canonical projections from R® onto R, given by P\{x,y,z) = x, P2{x,y,z) = y and 
P3(x,y,z) = z. For any / € N*, R*’^ stands for the space of matrices of real numbers 
having I rows and 3 columns. 

Let w be a nonempty open set in R^. For any / € N, we denote by if^(w,R®) the 
Sobolev space of (classes of) all R^-valued functions v defined over u> such that, for 
i = 1, 2, 3, Pi o u S Equipped with the norm 

/ 3 \ 1/2 

|b||(,u,,R3 = I ^||PiOV|l?_„j , 



where || • ||i,^ denotes the norm in (cf. Preliminaries), the space ifi(ai,R2) 

is a Hilbert space. Similarly, for j = 0,...,/, one defines the scalar semi-products 
( ■ ) ' ^nd the associated semi-norms | • We shall write L^(a>,R2) 

instead of H°{cj,R^). 

When uj is bounded, for any p € N, we denote by R^) the Banach space of all 

R2 -valued functions v such that, fori = 1,2,3, Pt ° u £ equipped with the 

norm 
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It follows from (2) and (3) in Preliminaries that, when uj has a Lipschitz-continuous 
boundary, the following compact injection theorems hold: 

VI, I' € N, / > I', C (1.1) 

Vi,/i6N, cC'"(w,E^). (1.2) 

2. FORMULA TION OF THE PROBLEM 

Consider a surface S verifying the following assumption: 

there exists a bounded open set U CM? with a Lipschitz-continuous 
boundary (cf. Preliminaries), afunction f : U E®, injective on U, (2.1) 
and an integer m' > 2 such that S — f{U) and / 6 

Therefore, the function / is a parametrization of the surface 5 which, by (1.2), be- 
longs to C*^(17, E®). The preceding hypothesis is satisfied by most of the parametric 
surfaces that appear in practice, including, of course, disk-like surfaces (i.e. surfaces 
homeomorphic to the unit closed ball B((0,0),l)). We shall not consider surfaces 
with arbitrary topology here. 

Let D be a bounded subset of (0, -t-oo) such that 0 6 D. Then, we pose the following 
problem: given a family {'P‘^)d^n of finite sets of points ofS, construct a family 
(®^)dsD of approximating surfaces of S, which are “sufficiently regular” (parametri- 
zed, for example, by a vector function of class or C^). So, for any d € D, 6^* has 
to approach <S on and, as d — » 0, the surface S must be the limit of ©“* in a way 
to be stated precisely. 

Let us first point out that the family (©'*)d6iDi cannot be obtained by approximation of 
the parametrization / of S. Although the sets V‘^ of values of / are known, the domain 
U and the points off/ whose images under / are the points ofV^ are almost always 
unknown. That is the reason why any approximation process of S must introduce, 
at first, a parametrization method of the data points. Such a method consists in 
choosing, in a suitable way, an open set in E^ and, for any d € D, a subset of 
having the same cardinal number as and a bijection : A‘^ ^ (i.e. a “rule” 

which links, in a one-to-one way, any point of to a point of A‘^). Of course, the 
choice of 17, (A'^)deD and (7‘*)d6D cannot be made arbitrarily: it must be compatible 
with the existence of a family {g‘^)dsD of parametrizations of S defined over fl such 
that, for any d € P, 

It is clear that the definition of these parametrization algorithms requires a prior 
modelling of the geometry of the surface <S, which may come from some real knowledge 
of the surface (for instance, when one digitalizes a physical object), or which can be 
deduced from supplementary information or from a particular spatial structure of the 
data points (for example, when these are the vertices of a curvilinear grid lying on <S). 

Remark 2.1 - Among the parametrization methods commonly used, in the first 
place one finds the methods of projection onto a reference surface (cf. W. Ma and 
J. P. Kruth [104]), which apply when the data points have no particular structure. 
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In these methods, a parametric surface Sr “close” to S, called base or reference 
surface, is introduced. For any data point P, one associates with P the parameters 
corresponding to the point of Sr obtained by projection (for instance, orthogonal) of 
P onto Sr. When S is sufficiently flat, a standard choice of Sr is the plane calculated 
by a least squares approximation of the data points. 

There also exist parametrization methods, mostly restricted to disk-like surfaces, 
which are based on the “development” in of 3D polygonal meshes (cf. G. Greiner 
and K. Hermann [73, 81], M. S. Floater [65] and references therein). These methods 
usually map a surface triangulation of S, whose vertices are the data points, onto 
a topologically equivalent triangulation of a planar domain. The vertices of the 2D 
triangulation are then the parameter values of the data points. Some of these meth- 
ods have been extended to clouds of unorganized data points (cf. M. S. Floater and 
M. Reimers [66]). □ 

Suppose that a suitable parametrization method of the data points is available. Then 
we assume that 

there exists a bounded open set fl C R^ with a Lipschitz-continuous 
boundary (cf. Preliminaries), a family {A'^)deO of finite subsets of 
n and a family (g^)deD C H"*'(n,R®) such that, for any d e D, ’ 

g'^iU) = 5 and = V<^, 

where mf denotes the integer introduced in (2.1). In practice, the open set and 
the family are explicitly determined. Therefore, the initial problem of ap- 

proximation of S is transformed into the following problem: for any d € HJ, find an 
approximant of the function g^ from the set of parameters A'^ and the set of points 
To solve this problem, we shall propose a fitting method by means 
of discrete smoothing D"*-splines. Furthermore, in order to study the convergence of 
these sphnes, we suppose, as usual, that 

Vd € B, sup(5(x,.A‘^) = d, (2.3) 

zen 

and that the family (g‘^)deD converges in a weak sense to a parametrization g of S, 
i.e. 

there exists a function g 6 if"* (f2,R®) such that g(H) = S and, for ,, .. 
any V e ii"‘'(n,R3), limd-.oCCff'^, v))m',n,R» = ((0.^^))m',n,R3. 

where (( • , • ))m',n,R3 denotes the scalar product associated with the norm || • ||„,',n,R3- 

Remark 2.2 - It follows from (2.4) that there exists do such that(5‘^)dgD,d<do ^ 
bounded family in if"* (f2,R®). From now on, we shall suppose that do = supD. □ 

Remark 2.3 - Suppose that S admits an explicit representation in the form z = 
<j)(x, j/), where ^ is a function that belongs to if”* (fl), il being, in turn, an open set as 
defined in (2.2). For any d € D, let A** be the projection of onto the plane xy, and 
let g'^ be the function defined on by g^{x, y) = {x, y, <j){x, y)) . Then, hypotheses 
(2.2) and (2.4) are easily verified. With a suitable distribution of the points of on 
S, hypothesis (2.3) is satisfied too. 
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In the general case, these hypotheses can be justified by considering a problem of 
existence of families of parameter changes for the surface S. In [6] and [139] (cf. 
also D. Apprato and R. Arcangeli [7] and J. J. Torrens [140]), it is supposed that, 
for any d € D, the surface 5 is a union of skew quadrilaterals whose vertices make 
up the set V‘^. More precisely, taking (2.1) into account, it is assumed that is 
the image under / of the set of the vertices of a triangulation of U by means of 
rectangles. This implies that U has a rectangular geometry, i.e. that the boundary 
of [/ is a finite union of segments parallel to the coordinate axes. In this situation, 
it is possible to take an open set f2 with a rectangular geometry and parametrize 
uniformly the data points by attaching them, for any d € D, to the set A'^ of the 
vertices of a triangulation of H by means of equal rectangles. Then, one can explicitly 
construct bijections —* U of class C"* such that and, under 

suitable assumptions (implying, in particular, (2.3)), show that, as d — * 0, 
converges uniformly on to a homeomorphism ip from onto U. This yields (2.2) 
and (2.4) taking Q = f o(p and, for any d € D, s'* = / o □ 



3. SPLINE FITTING 

We keep the notations and assumptions introduced before. For the sake of simplicity, 
we suppose that is a polygonal open set. On the other hand, we suppose that we 
are given 

• an integer m > 2, 

• a bounded subset H of (0, +oo) such that 0 € H, 

• for any h 6 H, a triangulation 7^ of fl by means of elements K with diameters 
hi( < h and a finite element space Vh, constructed on TJ,, such that 

Vh is a finite-dimensional subspace of n with fc = 1 or 2. (3.1) 

Concerning the choice of the generic finite element of Vh , the comments in Section 
VIII-3 remain valid. 

For any € H, let Xh = (Vh)^- By (3.1), it is clear that 

Xh c nc'^{n,R^). 

Taking (2.3) into account, we can consider that, for any d 6 D, A”* contains a Pm-\- 
unisolvent subset. Furthermore, we write N = cardA**, wenumber ai,...,ajv the 
points of A** and we introduce the linear continuous operator p** : C°(n,R®) — » 
defined by p'^v = (f Notice that the rows of the matrix are the 

coordinates of the points of V^. 

For any (d, e) € D X H X (0, +oo) and any Vh & Xh, we put 



Jehivh) = {p'^Vh - pV)^ +elt^hlm,n,R3. 



(3.2) 
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where { • ) is the Euclidean norm in Then we consider the problem: find 

solution of 



\/vn e Xh, JtM < JtnivH), 



(3.3) 



and also the problem: find such that 



^eh ^ 

'ivh.e Xh, + e(CT^ft.Vh)m,n,R3 = (pV.pV), 



(3.4) 



where ( ' , • ) stands for the Euclidean scalar product in R^’®. 

Reasoning as in Theorem V-3.1, one sees that there exists a common unique solution 
(3.4), called Xh-discrete smoothing D'^-spline relativeto A'^, and 
e. It will be proved further (cf. Theorem 4.1) that, under suitable hypotheses, the 
parametrization g introduced in (2.4) is the strong limit of in H"‘(Q,R^) as d — » 0. 
Eor any d € D, the surface parametrized by is therefore an approximant of the 
surface S in the following sense: there exists a parametrization of S which is the limit, 
as d — > 0, of a parametrization of Thus, the initial problem of approximation of 
<S is solved. 



Remark 3.1 - If f2 is not polygonal, one proceeds as in Sections VI-1 or VIII-2 in 
order to obtain, for any h € H, the space Vh, and so Xh = (V),)®. We recall that 
one first chooses a polygonal open set Cl which contains fl and a triangulation 7/, 
of fl made up of elements K with diameter hn < h. Then one constructs on 7^ a 
finite element space VJ, such that Vh C H"^{Cl) fl ^^(n), with A: = 1 or 2. Einally, 
one considers the open set Clh defined by (VI-1.2). The space Vh is then given by 
(VI-1.5). We remark that, once (3.3) is solved for suitable values of d, h and e, the 
approximating surface ©“^ of S is not the trace of but that of (Zg/iln- C2 



Remark 3.2 - Eor any /i € H, let M and {wi, . . .,Wm} be the dimension and a 
basis of Vh- The solution a^h of (3.4) can be expressed in the form 

M 

= (3-5) 

t=i 

with aj € R^,for I < j < M. Then, one shows that (3.4) is equivalent to the problem: 
find a = (aj)i<j<M such that 

+ £11)0 = A'^{p‘‘g‘‘), 

where A = K(ai))i<i<N,i<j<M ^ Computing 

comes down to solving three linear systems having the same matrix .4^.4 + ell of 
dimension M. 

Let 13^, and be the three column vectors of p‘^g‘^. Then, it can be seen that 
3fh-discrete smoothing D^-spline relative to A'^, V‘^ and e if and only 
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if, for i = 1,2,3, pi o cr^f^ is the 14-discrete smoothing D^-spline relative to A^, 
and e. Consequently, to approximate the surface S once the data points have been 
parametrized, it is sufficient to fit independently the sets formed by the first, second 
and third coordinates of the points of 'P'^. □ 

Remark 3.3 - For any d 6 D, the GCV method can be used to find the optimal 
value of e in order to solve problems (3.3) and (3.4). It is readily seen that the 
corresponding GCV function can be expressed as the sum of the GCV functions Vi , 
V 2 and V 3 associated with the smoothing of the three column vectors /3\ 0^ and 0^ 
of (i.e., for i = 1,2,3, Vi is given by (VI-3.4) with 0 instead of (3 and, with 
the notations of the preceding remark, = A{A0 A + £7V)~^ J0). In practice, every 
function Vt is approximated as detailed in Remark VI-3.3. □ 

Remark 3.4 - If the surface S presents cuts, fissures or holes, one can model S with 
(2.1), taking [/ as a non-simply connected open set. In some circumstances, it may 
be advantageous, instead, to assume that the parametrization / is a “non-regular” 
function, i.e. that / belongs to the space \ $, R^) whereas it does not belong 

to the space (17, R^), where m' denotes any integer > 2 and $ is a suitable subset 
of U (cf. Section IX-1). In this case, the smoothing method developed before can be 
used, provided the following changes are made: 

• the process of data parametrization has to fix a “discontinuity set” F C Ci verifying 
the conditions of Subsection IX-2.1 and corresponding to the singularities of the 
surface S, 

• for any /i 6 H, the triangulation 7), and the space I 4 have to verify hypotheses 
(IX-4.1), (IX-4.2) and (IX-4.3), with n' = n\F, 

• f2 has to be replaced by Q,' in the definition (3.2) of □ 

Remark 3.5 - Suppose that the surface S is regular enough so that the tangent plane 
exists at each of its points. This is ensured if, in (2.1), m' > 3 (then / G C'-(I/,R^)), 
and if, for any u € U, the vector product of and is non-null. 

We have already pointed out (cf. Sections VIII-5 and IX-1) that the position data 
(i.e. the sets V‘^ of points of S) are often completed by orientation data (usually 
two angles named dip and strike) which determine the tangent planes to S. When S 
admits an explicit representation, these data can be converted into first order Hermite 
data. Let us show how to use the orientation data in the present context. 

For any d G D, suppose that the tangent planes to S are known at the points of 
a subset Vf of Let Af C A“^ be the set of the corresponding parameters (so 
g‘^(Af) = Pf). Therefore, for any a G Af, a unit vector i/(a) normal to the surface 5 
at the point g‘^(a) is known. 

For any (d, h, £, r) G D x H x (0, -l-oo) x [0, -l-oo) and for any Vh & Xh, we set 

JerhM = {p‘^Vh - pV)^ +7- Y +e|t^ftlm,n,R3. 

aeAf |a| = l 

where ( ■ , • )r 3 denotes the Euclidean scalar product in R^. Let us observe that, for 
any a € Af, the term span( 5 <F 0 )^^(^^^ 
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(i.e. the tangent linear space of u/j at the point a) is orthogonal to u{a), and hence 
this term is null if the tangent plane to the surface parametrized by Vh at the point 
Vh{o,) is parallel to the tangent plane to the surface S at the point g^{a). 

Then, we consider the problem: find such that 

\\/vn € X,, ^ ’ 

The solution of (3.7), called Xh-discrete smoothing -spline with tangent con- 
ditions, exists, is unique and admits a variational equivalent characterization similar 
to (3.4). 

Computing amounts to solving a linear system of dimension 3M, where M = 
dimV/i, taking account of the coupling that the orientation data establish between 
the three components of remark that is precisely the solution of (3.3). 

These splines have been introduced by M. Pasadas (cf. [114, 115]). □ 



4. CONVERGENCE OF THE APPROXIMATION 

We keep the notations and hypotheses of Sections 2 and 3. We suppose that the 
families (^‘*)d6Di and {Th)h&M are linked by the relation 

3C > 0, V(d, /i) € D X H, € Th, < Cd~^ (4.1) 

meas K 

(cf. hypothesis (VI-3.7)) and that the integers m' and m verify the inequality 

m' > m. (4.2) 

Likewise, we suppose that the family (X;,)iieH and the integer m! are such that the 
following result holds: 

there exists a constant C > 0 and, for any /i € H, a linear operator 
Ilh ; L^(0, K®) —I Xh such that, for any I = 0, . . . ,m', one has 

/ \ 1/2 (4.3) 

\/v € H^'{n,R^), 52 1^ - 

\A-eTh / 



Remark 4.1 - For any h € H, each one of the three components of the operator 
introduced in (4.3) is an operator of Clement’s type (cf. Section VI-1). Concerning 
the conditions that this result implicitly supposes verified, we refer to (VI-1.6) and 
Remark VI- 1.1. □ 

Finally, we suppose that e and h are functions of d such that 

£ = o{d~^), d — » 0, 



(4.4) 
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and that 

ulm' 

= 0(1), d 0. (4.5) 

It follows from (4.4) and (4.5) that h 0 sts d —* 0. To simplify the notations, we 
shall write, hereafter, e and h instead of e{d) and h{d). 

Theorem 4.1 - Suppose that hypotheses (2.2), (2.3), (2.4), (3.1), (4.1), (4.2), 
(4.3), (4.4) and (4.5) are verified. For any d £ D, let us denote by the Xh-discrete 
smoothing D"^-spline relative to A^, and e. Then, 

lim llcr^h - g|U,n,R3 = 0, 

a— »U 

where g is the parametrization of S introduced in (2.4). 

Proof — 

1) First, let us observe that, by (2.4) (cf. Remark 2.2), 

3C > 0, Vd e D, |5‘^U-,n,R3 < C. (4.6) 

From (2.4) and (4.2), taking (1.1) into account, we have 

l5‘^U,n,R3 = |g|m,n,R3 + o(l), d 0. (4.7) 

Hence, using (4.3), we derive 

|nft5‘^|m,n,R3 = l0lm,n,R3 + o(l), d — ► 0. (4.8) 

On the other hand, if we adapt Lemma VI-3.1 to the present situation, we get 

3C > 0, V(d,h) € D X H, (/(n,5‘^ -ff‘^))2 < (4.9) 

For any d € D, taking Vh = Tlhg‘‘ in (3.3), we deduce that 

- 9‘^)f + < (/(fihP'^ - 9“))^ + £|ni.5l^,n,R3. 

Then, we infer from (4.5), (4.6), (4.8) and (4.9) that the family ((7^/,)deD verifies the 
relations 

ke/ilm,n,R3 < |g|m,n,R3 + o(l), d 0. (4.10) 

and 

(p“(<7^h-9‘'))^ = 0(s), d^O. (4.11) 

2) Let Bo = {6oi) • • ■ , &otm} be any Pm_i-unisolvent subset of fl. Let ro > 0 be the 
constant of Proposition V-1.2. Reasoning as in point 2) of the proof of Theorem 
VI-3.2 and taking (2.3), (4.4) and (4.11) into account, one shows the existence, for 
any d € D sufficiently small, of a set {bf, . . . ,bm} such that, for j = L...,!U1, 
b^ 6 B(boj,ro) n A'^ and that 

\a^H{b^j)-9‘^{b^)\ = o{l), d-0. 



( 4 . 12 ) 
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Then, applying Proposition V-1.2 with B = {6f, . . . , 6^}, it follows from (4.7), (4.10) 
and (4.12) that 



3C > 0, 3d* > 0, Vd e D n (0, d*], \\a^^ - ff‘'|U,n,R3 < C, 

i.e. the family - p‘^)deDn(o,d*] is bounded in R^). Thus, by Corollary 1 

in Preliminaries, there exists a sequence — g‘^‘ )(gN with, for any 1 G N, d; € ©, 
ei - e(di), hi = h{di) and 



^2m' 

lim d( = lim d?ei = lim — = 0, 

i-,+oo ‘ W2,r. 



/— ^+00 



IlIIl -S 

d)i Si 



extracted from the family — fl'*)dgDn(o,d*]) ^nd an element g* 6 such 

that, as I — » + 00 , 



weakly in (4.13) 



3) We continue as in the proof of Theorem Vl-3.2. First, reasoning by contradiction, 
it is shown that g* = 0. Next, it follows from (2.4) and (4.13) that 

-* 0' weakly in 

Hence, taking (4.10) into account, one deduces that 

, Ikc'h, - 0llm,n,R3 = 0. 

l—*+oo ‘ ‘ 

Then, reasoning again by contradiction, one completes the proof. □ 



5 . NUMERICAL RESULTS 

By means of three different examples, we shall illustrate the surface smoothing method 
presented in Section 3 as well as two of the parametrization methods cited in Re- 
mark 2.1. These examples will also serve to discuss some additional features, such as 
the introduction of periodicity conditions, the parameter correction technique or the 
use of non-poly gonal parameter domains. All these questions are part of the topics 
that should be examined in the design of global efficient strategies for fitting paramet- 
ric surfaces (cf., for instance, V. Weiss, L. Andor, G. Renner and T. Varady [150]). 

In every example we shall consider a surface S satisfying (2.1). We shall write the 
corresponding parametrization / : t/ — > R®. The smoothing method will take as input 
a set P c <S which results from evaluating / on a finite subset B of U. In the first 
example, we shall think of T’ as an unorganized data set, while for the second and 
third examples, V will be, in fact, the vertex set of a supposedly known triangulation 
of S. 

In the first step of the fitting process, we shall fix an open set fi (the unit square or 
the unit ball) and we shall get a set A C H of parameter values. Then we shall apply 
the smoothing method, computing a suitable discrete D^-spline dch- In all cases, the 
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finite element spaces will be constructed from the Bogner-Fox-Schmit rectangle of 
class (cf. Section VIII-3). 

In the preceding chapters we used the relative error defined by (VIII-6.3) to measure 
the accuracy of the fitting. In the present situation, we do not explicitly know the 
expression of any underlying parametrization g ; H of 5. Thus, given a fitting 

function a chi we can only compute the relative error r{S) given by 



r{S) = 



/X^<(T£h(a) -9a)|3\ 
aeA 



1/2 



1 

\ aSA 




(5.1) 



where ( • )r 3 denotes the Euclidean norm in and, for any a G A, Qa is the point of 
V associated with the parameter point a. Let us observe that r{S) measures errors 
only at the data points. 

Hereafter, we shall use, when needed, the notations of Section 3 dropping the su- 
perindex d. 



Example 1 



Let S be the surface parametrized by / : {/ — » K®, with U = (0, 27t) x (0, ll7t/6) and 

f{u, v) = (5(2 -f- sin^ v cos 3v) cosu, 3(2 -|- sin^ v cos 3u) sin u, 8v) 

(cf. Figure 1). Let us observe that S is not a surface of revolution^ and that S is 
bounded by the planes z = 0 and z = 447t/3. 

Figure 2 shows the set V of data points, obtained by evaluating / on a set B of 800 
points randomly distributed on U (in fact, B contains 760 points of U, 20 points of 
(0, 27t) X {0} and 20 points of (0, 27 t) x {IItt/G}). 

We parametrize the data points by orthogonal projection on a reference surface Sr. 
To be precise, we take Sr as the portion of the vertical circular cylinder of radius 1 
centred along the 2 - 8 Ucis which is limited by the planes z = 0 and z = 447 t/3 (cf. 
Figure 2). The function qr : il ^ with fl = (0, 1) x (0, 1), defined by Qr(u,v) = 
(cos 2?™, sin27ru, 447 Tu/3 ), is a parametrization of Sr. Thus, we associate with every 
point (x, y,z) €V the parameter point (u, u) S H given by 



{u,v) 



_ ( 6{x,y) 3z \ 

\ 27T ’ 447T/’ 



where 6{x, y) is the argument belonging to [0, 27 t) of the complex number x -|- iy. We 
obtain, in this way, the set A of parameter points in f2 corresponding to the data set 
V (cf. Figure 3). 

We remark that, for any v 6 [0.1], the intersection of S and the plane z — \Anvj3, 
which is a closed simple curve, would be mapped by the above parametrization method 

Wny section of S parallel to the plane xj/ is a ellipse with eccentricity 4/5. 
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into the segment (0, 1] x {t;}. Conseqnently, any parametrization g ; —> R® of 5 

coherent with snch a parametrization method shonld satisfy that, for any v € [0,1], 
g{0,v) = i.e. g shonld be periodic, of period 1, in the u variable. This fact 

implies that we mnst modify the smoothing method of Section 3 in order to use spaces 
Xh of periodic functions. Let us examine one way to do this. 

Let {uo, • • • , Un„ } and {vo, . . . , } be two subsets of [0, 1] such that 

0 = uo < ui < • ■ • < = 1 and 0 = no < vi < • ■ • < = 1- 

Let Th be the triangulation of by means of x n« rectangles whose vertices are 
the points {m, vj), with i = 0, . . . , and j = 0, . . , , Tit,. Likewise, let Vh be the finite 
element space constructed on Th from the Bogner-Fox-Schmit rectangle of class , 
and let Voh be the subspace of Vh formed by the functions Wh such that 

Va e N^ |a| < 1, Vn € [0, 1], d‘‘wh(0,v) = 5“u;h(l,n). (5.2) 

Then we set Xh = (V^)h)®. Of course, the functions in Xh are periodic in the u 
variable, as required. Their first partial derivatives are also periodic, a condition 
needed to get globally smooth surfaces. 

It is easy to find the dimension and a basis of Voh, taking into account that the space 
Vbh can be equivalently characterized as follows; afunction Wh € Vh belongs to Vbh 
if and only if 



Vj = 0,...,n„, Vael, d‘"wh(0,vj) = d°‘wh(l,vj), (5.3) 

where 7 = {(0,0), (1,0), (0,1), (1,1)}. Now, let M = 4(n„ + l)(n„ + 1), which is the 
dimension of Vh, let lui, . . . , lyjif denote the basis functions of Vh and assume that they 
are numbered so that, for i = 0, . . . , n„ and j = 0, . . . , n„, d°‘w,^+i{ui, Vj) = 1, with 
1 / = 4(j + (n„ + l)i) and Q = (0,0), (1,0), (0, 1), (1, 1) for I = 1,2, 3, 4, respectively. 
Let Mo = 4n„(n„ + 1). Finally, for i = 1, . . . ,4(n„ + 1), let woi = Wi + Wj+Mo and, 
for i = 4(n„ + 1) + 1, . . . , Mo, let woi = Wi. We deduce from (5.3) that the dimension 
of Voh is Mo and that {u>oi , ■ • . , WoMo } is a basis of Voh- 

Returning to the fitting problem considered in this example, it suffices to make up 
Th with 6x6 equal squares (i.e. tiu = = 6) and then construct Voh and Xh just 

as explained above. Since the parameter set A contains a Pi-unisolvent subset, it is 
readily seen that, for any e > 0, there exists the Xh-discrete smoothing £>^-spline 
Oeh relative to A, V and e, i.e. the common unique solution of problems (3.3) and 
(3.4) for m = 2. To find ffehi we proceed as detailed in Remark 3.2, with Vbh. Mq 
and Woi, . • • .twoMo instead of V/,, M and tui, . . .,wm- Let us observe that we have to 
solve a linear system of dimension Mq = 168. 

Using the GCV method (cf. Remark 3.3), we choose e = 10“®. We compute the cor- 
responding 2fh-discrete smoothing D^-spline (Teh, whose trace, presented in Figure 4, 
is finally the approximating surface S of 5 which we were looking for. Of course, the 
fitting can be improved, for example, by applying parameter correction (see the next 
example), increasing the dimension of the finite element space or sampling S at more 
points. 
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Figure 1: Example 1. Surface S. 



XII - Approximation of parametric surfaces 



231 




Figure 2; Example 1. Set V of data points and reference surface Sr 
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Figure 3; Example 1. Set >1 of parameter points, 
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Figure 4: Example 1. Trace of the Xh-discrete smoothing Z?^-spline (r^h relative to 
A, V and e = 10“®. Relative error; r(<S) = 0.00462458. 






234 



Multidimensional Minimizing Splines 



Example 2 

Let S be the Bezier surface given by 

i=0 j=0 

with (u, v) € U = [0, 1] X [0, 1], where, for p = 6 and 9 and I = 0,. . .,p, B^ denotes 
the Zth Bernstein polynomial of degree p, defined by 

For i = 0, 1, 2, 3, the Bezier points bij are given in Table 1, whereas, for i = 4, 5, 6, 
we let bij = (8,0,0) — be-ij. The surface S, depicted in Figure 5, emulates an 
overlapping fold. 

To generate the data set V, we first choose a set S C f/ formed by the points (0,0), 
(1,0), (1,1) and (0,1), 18 additional random points on every side of U, and 724 
random points in U, in such a way that the Euclidean distance between any two 
different points of B is greater than 0.01 (this constraint ensures a better distribution 
of the data points on S). Then we take V = f{B). In this example, we treat 'P as a 
structured data set, so it is assumed that we also know the triangulation T of<S shown 
in Figure 6, induced by the Delaunay triangulation of B. For convenience, we denote 
by Qi, • • • , 9 at, with N = 800, the points of V and we suppose that they are numbered 
so that qx,. . . ,Qu, with v = 724, are the interior vertices of T and q^^x , . . . , gjv, the 
boundary vertices, are arranged in increasing order along the boundary of S. 

We next obtain the set A — {ai,...,OAi} of parameter points using the shape- 
preserving parametrization method introduced by M. S. Floater (cf. [65]), valid only 
for disk-like surfaces. In two steps, this method transforms the surface triangulation 
T into a planar triangulation whose vertices make up the set A. In the first step, the 
closed polygonal line with vertices q,^^x> ■ ■ ■ is mapped onto the boundary of a 
bounded convex open set C This yields the parameter points a^+i, . . . , oa/. In 
the second step, for i = 1,. . . ,i/, every data point qi is associated with a parameter 
point € n so that, if qj^,... , qp are the neighbours of qx in the triangulation T, 
then tti is a strict linear convex combination of ap, . . . ,aj^. The points ax,... are 
obtained, in practice, by solving two sparse linear systems of dimension u that share 
the same system matrix. The reader is referred to [65] for a full description of the 
method. 

In our example, the first step of the shape-preserving parametrization method is 
accomplished as follows: first we take fl = (0,1) x (0,1), then we assign the four 
“corner” points of S to the four corners of Cl and, finally, we parametrize by chord 
length the remaining boundary points along the sides of D. Figure 7 shows the 
output of the parametrization method. The parameter points are more clearly visible 
in Figure 8. 

To continue with the smoothing process, we consider the triangulation T), of fi by 
means of rectangles whose vertices are the points in the set (0, 0.2, 0.4, 0.6,0. 8, 1 } x 
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i = 0 


i = 1 


i = 2 


i = 3 


j = 0 


(0,0, 2.5) 


(4/3, 0,2.6) 


(8/3, 0,2.6) 


(4, 0,2.8) 


j = 1 


(0,3.3, 3.4) 


(4/3, 3.7, 3.8) 


(8/3, 3.7, 3.8) 


(4, 3.7, 4) 


7 = 2 


(0,6.4, 4.5) 


(4/3, 7.4, 5) 


(8/3, 7.6, 5.2) 


(4, 7.5, 5) 


7=3 


(0,6.8, 4) 


(4/3, 7.9, 4.6) 


(8/3, 8.1, 4.7) 


(4, 7.9, 4.6) 


7 = 4 


(0,5.8, 2.8) 


(4/3, 6.2, 3) 


(8/3, 6.2, 3) 


(4, 5.9, 2.8) 


7=5 


(0,4.2, 1.8) 


(4/3, 3.4, 1.7) 


(8/3, 2.8, 1.6) 


(4, 3.2, 1.6) 


7 = 6 


(0,4.1, 1.2) 


(4/3, 3, 1.2) 


(8/3, 2.4,1) 


(4,2.4, 1.1) 


7 = 7 


(0,4.5, 0.9) 


(4/3, 3.1, 0.8) 


(8/3, 2.7, 0.5) 


(4, 2.6, 0.5) 


7 = 8 


(0,6.4, 0.8) 


(4/3, 6.2, 0.7) 


(8/3, 6.3, 0.7) 


(4, 6.3, 0.6) 


7 = 9 


(0,8,1) 


(4/3, 8,1) 


(8/3, 8, 1.1) 


(4,8, 1.2) 



Table 1; Example 2. Bezier points bij of 5, for i = 0, 1, 2, 3. 



{0,0. 2, 0.4, 0.5, 0.6, 0.7, 0.8,1} (cf. Figure 8). Let us observe that the size of the 
rectangles is smaller between v = 0.4 and v = 0.8, to take account of the greater 
density of parameter points in that zone. 

We construct on Th the finite element space V), from the Bogner-Fox-Schmit rectangle 
of class C^. The dimension of Vh is M = 192. Then we take Xh = (V),)^, we set 
£ = 10~® with the help of the GCV method and, finally, we compute the 2fh-discrete 
smoothing L)^-spline a^h relative to A, V and £ (cf. Figure 9). 

The trace © of may be a satisfactory approximating surface of S^. Flowever, the 
accuracy of the fitting can be significantly increased, with no loss of smoothness, using 
the so-called parameter correction (cf. J. Hoschek and D. Lasser [82]), whose principles 
adapted to the present context we shall briefly explain. For any i = the 

quantity (<T£h(ai) — qi)u^ is quite “small”, since cteh is the solution of (3.3), but it 
does not necessarily measure the Euclidean distance from the data point to ©, as 
can be checked. We are seeking, in fact, a smooth surface as close as possible to S at 
the data points. Therefore, it would be preferable to assign Qi to the parameter point 
a* for which o'e/i(a*) is the point of © closest to q^. If qi is an interior vertex (i.e., 
if 1 < i < n), CTeh(o*) is just the orthogonal projection of q^ on ©, since qi usually 
lies in a small neighbourhood of ©. In this case, a* is the solution of the non-linear 
system 

f - qi)|R3 = 0, 

1 - qi)iR3 = 0, 



^The graphics of S and © shown in Figures 5 and 9 are obtained by drawing several t*- and v- 
parameter curves of / and (Teh for equi-spaced values of the parameters u and v. Due to the different 
parametrization of the data points, it is clear that the parameter curves of / are not necessarily close 
to the corresponding parameter curves of (Teh,- This explains the obvious differences visible at the 
top of the folded part of S and ©. Two ray-traced images of these surfaces would be much more 
similar. 
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Figure 5: Example 2. Surface S. 



which can be solved by Newton iteration, choosing Uj as an initial guess. If is a 
boundary vertex, we proceed analogonsly, taking into account that a* should be con- 
strained to belong to dQ. In this way, we obtain a new set A* of parameter points. 
Then, selecting, if required, a new smoothing parameter e*, we find a new approxi- 
mating surface 6* by computing the X/i-discrete smoothing D^-spline CT^>h relative 
to A* V and e*. The complete procedure (parameter correction and new surface 
fitting) can be repeated to progressively improve the exactness of the approximation. 
Figure 10 shows the approximating surface obtained after only one iteration. The 
value of £*, fixed to 10“®, is also obtained with the aid of the GCV method. In com- 
parison with Figure 9, there are not many visual differences. We remark, however, 
that the relative error is almost halved. 
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Figure 6: Example 2. Surface triangulation T. 
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Figure 7: Example 2. Planar triangulation yielded by the shape-preserving parame- 
trization method. 
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Figure 8: Example 2. Set 2 I of parameter points and triangulation Th- 
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Figure 9: Example 2. Trace of the X/,-discrete smoothing jD^-spline (Jeh relative to 
A, V and e = 10~®. Relative error: r{S) = 0.00251027. 
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Figure 10: Example 2. Trace of the X^-discrete smoothing £)^-spline relative to 
A* , V and e* = 10“®. Relative error: r{S) = 0.00136998. 
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Example 3 

In this last example, we consider a surface S similar to a salt dome (cf. Figure 11), 
which is a surface frequently encountered in Geology. The parametrization f :U 
of S, with U = (0,1) X (0,1), is now defined by 

f{u,v) = {ip{v)cos2i:u, y)(u) sin 27 tu, -50i(ii) + 7(/>2(ti) + 7/\/2), 



where 



(p{v) = 5</>i(u) - ^2(f)/4 + 21\/3/16, 



with 



= sin(( 7 u + 8)7t/12) cos((7u + 8)7t/6), 

02(^) = cos(( 7 u + 8)7 t/ 12) sin(( 7 v + 8)71/6). 

In a way similar to that in Example 2, we obtain a data set V and a surface tri- 
angulation T (cf. Figure 12). In this case, V contains 1000 points, of which 60 
points are boundary vertices of T and the remaining 940 points are the interior ver- 
tices. Likewise, we use again the shape-preserving parametrization method, taking 
now n = B((o,o),i). The boundary vertices of T are parametrized by chord length 
along Sn. Figure 13 shows the resulting planar triangulation. The set A of parameter 
points can also be seen in Figure 14. 

Since fi is not polygonal, we proceed as explained in Remark 3.1 to get the vector 
finite element space Xh- Specifically, we take f) = (—1,1) X (—1,1), whereas the 
triangulation 7^ of fl is made up of the rectangles whose vertices form the set 7x7, 
with 7= {-1,-0.65,-0.35,-0.15,0^0.15,0.35,0.65,1} (cf. Figure 14). The finite 
element space is constructed on Th from the Bogner-Fox-Schmit_ rectangle of cl^ss 
C*. Since any rectangle of Tk intersects fi, it is clear that fli, = 11 and so Vh = Vh- 
The dimension of Vh is 324. 

Applying the GCV method, we set e = 10“® and compute the X/i-discrete smoothing 
D^-spline ach relative to A, V and e. The trace of cre/,|f 2 is shown in Figure 15. 
After one parameter correction, we obtain a new set A* of parameter points. Taking 
e* = 10“® , we find the Tffe-discrete smoothing D^-spline etc* h relative to A * V and e* , 
whose restriction to fl is the parametrization of an acceptable approximating surface 
of S (cf. Figure 16). 
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Figure 12: Example 3. Surface triangulation T. 
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Figure 15: Example 3. Trace of the restriction to of the X^-discrete smoothing 
JD^-spline cT^h relative to A, V and e = 10“®. Relative error; r{S) = 0.00353369. 
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Figure 16; Example 3. Trace of the restriction to Q, of the X/j-discrete smoothing 
D^-spline crE'h relative to A", V and e* = 10~®. Relative error: r(5) = 0.00229238. 
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